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Abstract- A generalized linear mixed model (GLMM) with spatial random effects for spatial data is proposed. The random 
effects are assumed to be normally distributed and the spatial random effects are assumed to be a proper conditional 
autoregressive (proper CAR) model. A hierarchical Bayesian method is used for parameter estimation. The proposed model 
is applied to dengue hemorrhagic fever (DHF) data in Thailand. Seasons and some climatic covariates, rainfall and 
temperature, are also considered. The DHF maps are constructed from the posterior means of the morbidity rates. 
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I. INTRODUCTION 
 
Spatial analysis is a set of techniques for analyzing 
spatial data, the data collected across areas. The 
results of spatial analysis are dependent on the 
locations of the objects being analyzed. Thus the 
spatial analysis takes into account the spatial 
correlation across the areas.    In Thailand, there is an 
annual data report of common infectious diseases 
from the Ministry of Public Health (MOPH) of 
Thailand every year.  In that report, raw data are 
usually presented in descriptive statistics, such as raw 
rates and bar charts in order to describe the features 
of those data (MOPH, 2011).  It will be more 
informative and easier for the readers to understand if 
those data are analyzed thoroughly and presented in 
maps which are so-called disease maps (Lawson, 
2008).  Those data motivated us to investigate the 
models for the disease mapping. 
Disease maps have played an important role in spatial 
epidemiology. They are useful for several purposes 
such as identifying suspected areas with a high 
disease risk and assessing potential needs for 
geographical variation in follow-up studies, 
preventative measures, or other forms of health 
resource allocation (Bailey, 2001).  There have been 
several models to construct disease maps (see, e.g., 
Kazembe et al., 2006);  Bernardinelli et al., 1995;  
Lekdee and Insrisawang, 2013). Those models are 
based on a generalized linear mixed model (GLMM) 
which is considered here. 
A GLMM (McCullagh et al., 2008) is useful in 
situations where responses are correlated. It allows 
for different sources of variability in the mean 
response. The mean response includes both a function 
of some explanatory variables and a function of 
random variables called random effects.  The random 
effects can be decomposed to include spatial 
correlation structures. The spatial correlation can be 
done in several ways (Wakefield et al., 2001); one of 
the common approaches for disease mapping is a 

conditional autoregressive (CAR) model (see, e.g., 
Clayton and Kaldor, 1987; Basag, 1974; Cressie  and 
Chan, 1989; Besag, York and Mollie, 1991; Banerjee 
et al., 2004).  However, the conditional distributions 
of the CAR variables imply an improper joint 
posterior distribution.  A remedy is to introduce a 
proper CAR model (Cressie, 1993; Sun et al., 2000) 
which ensures a proper joint distribution for the 
resulting CAR model.  For parameter estimation in a 
GLMM, Bayesian inference has become more and 
more attractive, mainly because of recent advances in 
computational methodology (e.g., Markov chain 
Monte Carlo and the WinBUGS or OpenBUGS 
program (Sirima and Pokorny, 2014; Tongkhow and 
Kantanantha, 2013; Spiegelhalter, 2003)). Dengue 
hemorrhagic fever (DHF), an infectious disease 
caused by a family of viruses that are transmitted by 
mosquitoes is chosen to study because it is one of 
major public health problems in Thailand.  In 2011, a 
total of 69,800 cases and 63 fatalities were reported 
from all provinces. The morbidity rate was 111.10 per 
100,000 people. The case fatality rate (CFR) was 
0.0903 percent (MOPH, 2011). The disease maps are 
needed as they are communication tools to the 
general public about which geographic areas and 
people are at high risk for the Dengue fever. 
 In this paper, we propose a GLMM with 
proper CAR spatial random effects under a Bayesian 
framework to analyze DHF data in Thailand in order 
to construct DHF maps.  The observations are 
assumed to be Poisson distributed and associated with 
rainfall, temperature and seasons. The random effects 
are assumed to be normally distributed and the spatial 
random effects are assumed to be a proper CAR 
models. The subsequent sections are as follows.  In 
the materials and methods section, a GLMM with 
proper CAR spatial random effects are described and 
an application to DHF data is illustrated.  The results 
of data analysis are presented in the results section.  
Discussion and conclusion are conducted in the 
discussion and conclusion sections, respectively.  
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II. MATERIAL AND METHODS 
 
Let ity be the number of observations in area i , 
i=1,...,m , at time t , it=1,...,n . They are assumed to 
be Poisson distributed with a natural log link 
function.  The GLMM with proper CAR random 
effects for each observation is expressed as 

T T
it it it it i iη = log(μ ) = + +vx β z b                   (1) 

where it i i itE(y | , v ) μb , β  is a p x 1 vector of 
fixed-effect coefficients related to covariates itx , ib
is a q x 1  vector of random-effect coefficients related 
to covariates itz Typically, we assume 

i qN ( , )
iid
b 0 D .                                       (2) 

T
1 m(v ,...,v )v is a vector of spatial effects such that 

iv are assumed to be a zero-centred proper CAR 
model (Basag, 1974[10];  Cressie, 1993[14]; Sun et 
al., 2000[15]): 

2m
ij j v

i j
j=1 i+ i+

w v τv |v ,i j N ρ ,
w w

 
   

 
 .              (3) 

Through Brook's Lemma (Brook, 1964) we can 
obtain 

 2 1
v wτ ( - ρ )  v 0 D W ,                     (4) 

where ij(w )W is a neighborhood matrix for areal 
units, which can be defined as 

ij

1 if subregions i and j share a common boundary, i j
w

0 otherwise.


 


w i+diag(w )D  is a diagonal matrix with (i,i) entry 
equal to i+ ij

j
w w , 2

vτ  is a conditional variance of 

iv , and ρ is a spatial parameter. Under a Bayesian 
framework, a normal distribution with a zero mean 
but very large variance, such as 6N(0, 10 ) , is 
assigned to each element of fixed-effect coefficient  
( β ).  A uniform(0,1)  is assumed for the spatial 
parameter ( ρ ), inverse gamma with small 
parameters, such as InvGamma(0.001,0.001) , is 
assumed for 2

vτ , and inverse Wishart for D .  When 
D  is univariate, the inverse Wishart reduces to 
inverse gamma.  A posterior inference is 
implemented using standard Gibbs sampling Markov 
Chain Monte Carlo (MCMC). For an application, the 
DHF data set in 2011 consisted of observations from 
76 provinces of Thailand (MOPH, 2011), and each 
province contributed 12 monthly observations over 
time.  Let ity , i =1,...,76; t =1,...,12 , denote the 

numbers of DHF patients in province i at month t .  
Instead of modeling counts, offset variables are used 
for modeling rates which are cases per population 
sizes.  The proposed model is expressed as 

it i 0 1 it 2 it 3 it

4 it 5 it i i

log(μ )=log(pop )+β +β rain +β temp +β X1
             +β X2 +β X3 +b +v

            (5) 

 where ilog(pop )  are offset variables, ipop  are the 
numbers of population, itrain  are total rainfall,  

ittemp  are temperature. it itX1 , X2 , and itX3  are 
seasons in Jan-Mar, Apr-Jun, and Oct- Dec, 
respectively, Jul-Sep being a reference group. ib  are 
random intercepts capturing geographically 
unstructured heterogeneity among provinces and iv
are proper CAR spatial random effects capturing 
spatial dependence among provinces. Bayesian 
inference is used to fit the model by assuming a

2
bN(0,τ )  for ib , a proper CAR model for the joint 

distribution of iv as in Eq. 3. We use independent 
6N(0,10 ) priors for all fixed effect parameters.  

InvGamma(0.001,0.001) is assumed for vτ   and bτ  . 
The MCMC Gibbs sampling was run in OpenBUGS 
and R2OpenBUGS. 
 
The MCMC convergence is checked by the value of 
the potential scale reduction of Gelman and Rubin 
(1992) (Rhat) and visual examination of trace, 
autocorrelation, and density plots. The Rhat values 
substantially closed to 1 indicate convergence. 
 
III. RESULTS AND DISCUSSION 
 
The estimated regression coefficients converge to 
stationary distributions, diagnosed by the trace, 
autocorrelation, and density plots, when we run 3 
chains of MCMC, each with 30,000 iterations after 
discarding the initial 10,000 iterations as burn-in. The 
value of Potential scale reduction (Rhat) closed to 1 
for each parameter indicating that each MCMC is 
converged.  The estimated regression coefficients are 
presented in Table 1. The factors influencing to the 
morbidity rates of DHF are rainfall (RR = 1.0026), 
temperature (RR = 1.2681) and seasons: Jan-Mar (RR 
= 0.6832), Apr-Jun (RR = 0.8537), and Oct-Dec (RR 
= 0.9624).  If the amount of rainfall increases 1 mm, 
the morbidity rate will increase 0.26%. If the 
temperature increases 1 Celsius, the morbidity rate 
will increase 26.81%. Seasons in Jan-Mar, Apr-Jun, 
and Oct-Dec have 31.68%, 14.63% and 13.76%, 
respectively, higher morbidity rates than the reference 
group (Jul-Sep). Examples of high morbidity rate 
provinces and months are shown in Table 2.  The 
DHF maps are constructed from the posterior means 
of the morbidity rates. Examples of some maps are 
shown in fig.1 to Fig. 4. 
 
The proposed model is based on GLMMs and proper 
CAR models.  A hierarchical Bayesian approach is 
used for parameter estimation.  It allows random 
effects and spatial effects to be included.  The results 
of the analysis confirm that the DHF in Thailand are 
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significantly associated with the rain, temperature, 
and seasons.  The DHF maps clearly show which 
areas are at high risk in each month.  They are useful 
public health tools to identify the areas where an 
intervention is required for the DHF control. 
 

Table1: Parameter estimates for DHF 

 
 
CONCLUSIONS 
 
A GLMM with proper CAR spatial random effects 
under a hierarchical Bayesian framework for spatial 
data is proposed. The proposed model is applied to 
DHF data in Thailand in 2011.  The factors 
considered are rain, temperature, and seasons.  The 
DHF maps, important tools for DHF control, are 
produced using the posterior means of the mortality 
rates. 
 

Table2: Provinces and months at high morbidity rate (per 
100,000) 

 

 
Fig.1. DHF in January   Fig.2. DHF in April 

 

 
Fig.3. DHF in July                  Fig.4. DHF in October 

 
ACKNOWLEDGMENTS 
 
We gratefully thank Dr. Paisan Kanthang, Dean of 
the Faculty of Science and Technology, Director of 
the institute of research and development, and Assoc. 
Prof. Supatra Kosaiyakanont, Acting President of 
Rajamangala University of Technology Phra Nakhon 
for their financial support. 
 
REFERENCES 
 
[1] MOPH, AESR Annual Epidemiological Surveillance Report 

2011 (Accessed on 5 January, 2014), 
http://www.boe.moph.go.th/Annual/AESR2011/index.html 
2011. 

[2] A.B. Lawson, Bayesian Disease Mapping: Hierarchical 
Modeling in Spatial Epidemiology (Interdisciplinary 
Statistics), Chapman & Hall/CRC, Florida, pp. 4-5, 2008. 

[3] T.C. Bailey, “Spatial statistical methods in health,” Cae. 
Saude Ppublica, Rio de Janeiro., vol. 17, no. 5, pp. 1083-
1098, 2001. 

[4] L.N. Kazembe, I. Kleinschmidt, T.H. Holtz and B.L. Sharp, 
“Spatial analysis and mapping of malaria risk in Malawi 
using point referenced prevalence of infection data,” Int J 
Health Geogr., vol. 5, no. 41, 2006. 

[5] L. Bernardinelli, D. Clayton, C. Pascutto, C. Montomoli, M. 
Ghislandi and M. Songini, “Bayesian analysis of space-time 

SE = Standard Error

RR = Relative Risk

CI = Credible Interval

Rhat = Potent ial Scale Reduction

1.0041

1.0023

1.001

1.0044

1.0035

1.0042Oct-Dec    -0.0383 0.4495 -0.845 0.8959 0.9624

Apr-Jun -0.1582 0.4915 -1.147 0.8531 0.8537

Jan- Mar     -0.381 0.4888 -1.5 0.469 0.6832

Temperature       0.2375 0.0193 0.2 0.2752 1.2681

Rainfall       0.0026 0.0002 0.002 0.0031 1.0026

Intercept  -16.48 1.679 -18.07 -10.43 -

Para. Mean SE 95% CI RR R-Hat

Chiangmai 8.00 1288.00 35.82 1219.00 1360.00
Chiangmai 7.00 1096.00 33.05 1032.00 1163.00
Chiangmai 9.00 804.30 28.31 749.30 860.90
Surin 8.00 772.30 27.89 718.30 827.80
Nakhon Sri
Thamarat

8.00 666.20 25.81 616.50 717.60

Nakhon Sri
Thamarat

7.00 600.40 24.36 554.10 649.00

Nakhon
Rajasrima

8.00 562.20 23.62 516.90 609.20

Surin 7.00 542.40 23.27 498.00 588.70

CI = Credible Interval

Province Month Mean SE 95% C I

SE = Standard Error

http://iraj.in
http://www.boe.moph.go.th/Annual/AESR2011/index.html


International Journal of Management and Applied Science, ISSN: 2394-7926                                                     Volume-3, Issue-6, Jun.-2017 
http://iraj.in 

 Spatial Mathematical Analysis: An Application to Mapping of Dengue Hemorrhagic Fever in Thailand 
 

64 

variation in disease risk,” Statistics in Medicine., vol. 14, no. 
21-22, pp. 2433-2443, 1995. 

[6] K. Lekdee and L. Ingsrisawang, “Generalized linear mixed 
models with spatial random effects for spatio-temporal data: 
an application to dengue fever mapping,” J. Math. Stat., vol 
pp. 137-143, 2013. 

[7] C.E. McCulloch, S.R. Searle and J.M. Neuhaus, Generalized, 
Linear, and Mixed Models (Wiley Series in Probability and 
Statistics). 2nd Ed, John Wiley and Sons, Inc., Hoboken, 
New Jersey, pp. 220-246, 2008. 

[8] J.G. Wakefield, S. Bonaccorsi and M. Gatti, “The Drosophila 
protein asp is involved in microtubule organization during 
spindle formation and cytokinesis,”  J. Cell Biol., vol. 153 no. 
4, 2001. 

[9] D. Clayton and J. Kaldor, “Empirical Bayes estimates of age-
standardized relative risks for use in disease mapping,” 
Biometrics., vol. 43 no. 3, pp. 671-81, 1987. 

[10] J. Besag, “Spatial Interaction and the Statistical Analysis of 
Lattice Systems,” Journal of the Royal Statistical Society 
Series B-Statistical Methodology., vol. 36, no. 2, pp. 192-
236, 1974. 

[11] N.A.C. Cressie and N.H. Chan, “Spatial modeling of regional 
variables,” Journal of the American Statistical Association., 
vol. 84, no. 406, pp. 393-401, 1989. 

[12] J. Besag, J. York and A. Mollie, “Bayesian Image 
Restoration, with Two Applications in Spatial Statistics (with 

discussion),” Annals of the Institute of Statistical 
Mathematics., vol. 43, no.1, pp. 1-20, 1991. 

[13] S. Banerjee, B.P. Carlin and A.E. Gelfand, “Hierarchical 
Modeling and Analysis for Spatial Data,” Chapman and 
Hall/CRC Press, FL., pp. 93-97, 2004. 

[14] N.A.C. Cressie, Statistics for Spatial Data, Revised Edition, 
Wiley, New York,  pp. 10-28. 1993. 

[15] D. Sun, R.K. Tsutakawa, H. Kim and Z. He, “Spatio-
temporal Interaction with Disease Mapping,” Statistics in 
Medicine,. Vol. 19, no. 15, pp. 2015-2035, 2000. 

[16] P. Sirima and P. Pokorny, “Hidden markov models with 
covariates for analysis of defective industrial machine parts,” 
J. Math. Stat.,, 2014. 

[17] P. Tongkhow and N. Kantanantha, “Bayesian models for time 
series with covariates, trend, seasonality, autoregression and 
outliers,” J. Comput. Sci., vol. 9, no. 291-298, 2013. 

[18] D.J. Spiegelhalter, A. Thomas, N. Best and D. Lunn, 
WinBUGS Version 1.4 User Manual, Medical Research 
Council Biostatistics Unit, Cambridge, 2013. 

[19] D. Brook, “On the distinction between the conditional 
probability and the joint probability approaches in the 
specication of nearest-neighbour systems,” Biometrika., 
vol.51, pp. 48-483, 1964.   

[20]A. Gelman and D.B. Rubin, “Inference from iterative 
simulation using multiple sequences (with discussion),” 
Statistical Science., vol. 7, no. 4, pp. 457-511, 1992.  

 
 
 
 

 

http://iraj.in

