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Abstract- We study the properties of black holes with cosmological constant in the framework of ge-
ometrothermodynamics. We consider in particular the case of the Schwarzschild-anti-de-Sitter black hole, and show that the 
corresponding fundamental equation is a generalized homogeneous function only if the cosmological constant is assumed to 
be a thermodynamic variable. We analyze the geo- metric properties of the equilibrium space and show that the presence of 
the cosmological constant changes drastically the stability properties and the phase transition structure of the black hole.  
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I. INTRODUCTION 
 
Black holes are one of the most intriguing predictions 
of general relativity [1]. First, in Einstein's theory, 
the uniqueness theorems show that black holes are 
completely determined by only two physical 
parameters, namely, mass and angular momentum. 
This means that, from the point of view of gravity, 
black holes are the simplest compact objects in 
Nature. On the other hand, black holes satisfy a 
number of mechanical equations that resemble the 
laws of classical thermodynamics [2, 3]. The main 
result in this connection is that the entropy of a black 
hole S is proportional to the horizon area A as 

 
where kB is the Boltzmann constant and lP denotes 
the Planck length. This result implies that black holes 
can be considered as thermodynamic systems; 
however, an important open problem is that no 
physically reason- able statistical model is known that 
could be used to determine the corresponding 
microscopic states and their physical properties. In 
fact, this is considered as a major problem in general 
relativity and it is expected to be re- lated with the 
problem of quantizing gravity, one of the 
most challenging problems of modern theoretical 
physics [4]. 
In an attempt to study black hole thermodynamics 
from a different perspective, the formalism of ge-
ometrothermodynamics (GTD) [5] has been applied 
to different configurations (see, for instance, [7] and 
references therein). One of the goals of GTD is to 
describe the properties of thermodynamic systems in 
terms of concepts of differential geometry in a 
manner that resembles the geometric description of 
classical fields. GTD associates to any 
thermodynamic system a Riemannian manifold which 
corresponds to the space of equilibrium states. The 

curvature of this space is a measure of 
thermodynamic interaction and curvature singularities 
are associated with phase transitions. 
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II. REVIEW OF 
EOMETROTHERMODYNAMICS 
 

 

 

 

 

 

 

 

 

 
 
III. SCHWARZSCHILD-ANTI-DE-SITTER 
BLACK HOLE 
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IV. GEOMETROTHERMODYNAMIC 
ANALYSIS 
 

 

 

 

 

 

 

 

 

 
 
CONCLUSIONS 
 
In this work, we have shown that the mathematical 
properties of the fundamental thermodynamic 
equations of being homogeneous functions imply 
conditions on the variables and constants that enter 
the equations. In par-ticular, in Einstein's theory, 
black holes can depend ex-plicitly on the 
cosmological constant which turns out to be explicitly 
included in the expression for the funda- mental 
equation. The homogeneity condition is shown to 
imply that the cosmological constant must be consid- 
ered as a thermodynamic variable. Moreover, we 
show that it is in fact an intensive variable that should 
not ap- 
pear in a well-de ned fundamental equation. This 
result reinforces the recently proposed approach in 
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which the cosmological constant is identi ed with the 
pressure of the black hole [10] and the enthalpy, 
which is obtained from the mass by means of partial 
Legendre transforma- tion, turns out to be associated 
with the internal energy. In this way, a Legendre 
transformation is used to elimi- nate an intensive 
variable from a fundamental equation. In our 
approach, we use the curvature radius instead of 
the cosmological constant in order to avoid the 
problem of having an intensive variable inside the 
fundamental equation. We use as a particular example 
the case of the Schwarzschild-anti-de-Sitter black 
hole and perform an analysis of the corresponding 
equilibrium space by using the formalism of GTD.We 
computed the thermodynamic curvature of the 
equilibrium space and found that for any value of the 
curvature radius, it is always possible to  and a value 
of the entropy for which a curvature singular- ity 
exists. This means that this black hole has a very rich 
phase transition structure. This result can also be 
obtained by analyzing the behavior of the heat 
capacity. Indeed, the heat capacity of the 
Schwarzschild black hole, which corresponds to a 
vanishing cosmological constant, is given by 

 
is always negative, indicating that the system is com- 
pletely unstable. If we include the radius of curvature 
as extensive thermodynamic variable in the 
fundamen- tal equation, the situation changes 
drastically. In fact, for any value of the curvature 
radius the black hole can undergo a phase transition 
during which it passes from an unstable state to a 

stable state. This means that the thermodynamic 
properties of black holes in which the cosmological 
constant is included as a thermodynamic variable can 
change drastically. 
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