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Abstract - In this work, we study adaptive solutions of optimal control problem of Helmholtz equation coupled with heat 

equation. As an application, microwave heating problem is considered. Helmholtz equation is coupled with a heat equation. 
At first, the necessary optimality conditions are obtained. Finite element method is used to discretize the state and the adjoint 
state equations.. Numerical results are presented. 
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I. INTRODUCTION 

 
Optimal control problems are concerned with finding 

the control functions that optimize cost functions for 

systems governed by differential equations. There are 

several applications in physics, finance and 

engineering science. For instance, optimal control of 

fluid dynamics is of fundamental importance in aero-

hydrodynamic vehicles, combustion control in 

engines, fire suppression, magnetic fusion, and ocean 

and atmospheric prediction. One of the applications 

from electromagnetics is the optimal control of 

microwave heating. In [8], a suitable applied electric 

field was selected and they formulated an optimal 
control problem governed by Maxwell's equations 

coupled with nonlinear heat conduction with a source 

generated by microwaves [3, 4, 7]. 

In this paper, the numerical solution of the optimal 

control problem of microwave heating is studied. As 
for constraint equations, we consider the Helmholtz 

equation coupled with a heat equation at equilibrium. 

We control the applied field to get a desired 

temperature. Here, the  function based approach 

optimize-then-discretize is followed to get the 

optimality conditions. Our aim is solve the modeled 

problem numerically. So that, we use finite element 

approach for space discretization. Freefem++ is used 

to get the numerical results [2]. 

The organization of the paper is as follows: Firstly, 

optimal control problem is formulated. Then, the first 

order optimality conditions are obtained by Lagrange 
method. The finite element method is used for the 

discretization of the optimal control problem. Finally, 

we conclude our study with a numerical example. 

Adaptive solutions are presented. 

 

III. OPTIMAL CONTROL PROBLEM 

 

We let  be a bounded polygonal domain in   and its boundary be         . In order to set up a 
control problem we choose the Helmholtz equation coupled with a heat equation as constraints. Then,  

 

 
 

where the function      is given,       is the state variable and   is the control variable.   denotes the 

frequency of the harmonic oscillations. Here,     stands for the regularization parameter and    is the desired 

temperature. 
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III. OPTIMALITY CONDITIONS 

 
In this section, we state the optimality conditions of the control problem of Helmholtz equation coupled with a 

heat quation. We use Lagrange approach [5, 6, 9]. All partial derivatives of the Lagrange functional are set to 

zero. Then, we have the following optimality conditions: 

 
                     

             
 

 

                 
  

  
                      

 

and 
 

                             
 

IV. WEAK FORMULATION 
 

We use the standard notations for Sobolev and Lebesgue spaces, their norms and inner products. We let be 

       ,     
    , and the control space         [1]. 

 

We let     ,      and      be the finite element spaces. Find      ,       and      such that 

 
 

V. NUMERICAL EXAMPLE 
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In the following figures, we present the state, the 

adjoint state, the temperature and the adjoint 
counterpart of the temperature are presented.    

 

 
Fig1.Initial discretization 

 

 
Fig2. Discretization after adaptation 

 

 
Fig3.Real part of the state 

 
Fig4.Real part of the adjoint state 

 

 

 
Fig5.Imaginary part of thestate 

 

 
Fig6. Imaginary part of the adjoint state 

 

CONCLUSION AND OUTLOOK 

 

In this work, we have formulated an optimal 
boundary control of the microwave heating. We have 

obtained the optimality conditions by using the 

Lagrangian function. We have given the numerical 

results obtained by using freefem++ package.  
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As a future work, we shall the control problems of the 

photonics. Also, domain decomposition method can 
be used to solve optimal control of the microwave 

heating problem. 
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