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I. INTRODUCTION 
 
After Zadeh [6] introduced the theory of fuzzy sets, 
many authors have introduced and studied several 
notions of metric fuzziness ([2],[5],[8],[10],[11]) and 
metric cone fuzziness ([14],[15]) from different 
points of view.  
By modifying the fuzzy metric spaces in sense of 
George and Veeramani [2], Öner et al. [15] studied 
the fuzzy cone metric spaces. They showed that fuzzy 
cone metric spaces generate a topology which is 
Hausdorff and  first countable.  
Here we study some properties of this spaces which 
fuzzy metric version can be found in [13]. After 
proving a topological space is metrizable if and only 
if it admits a compatible fuzzy cone metric, we 
deduce that for a topological spaces, metrizability, 
cone metrizability, fuzzy metrizability and fuzzy cone 
metrizability are equivalent. Later we show that a 
topological space is completely metrizable if and only 
if it admits a compatible complete fuzzy cone metric. 
 
II. PRELIMINARIES 
 
Let E be a real Banach space, θ be the zero of E and P  
be a subset of E. Then P is called a cone [7] if and 
only if 
1) P is closed, nonempty and P ≠ { θ }, 
2) If a,b∈ℝ, a,b≥ 0 and x,y∈P, then ax + by∈P, 
3) If both x∈P and x∈P then x=θ. 
Given cone P, a partial ordering ≼ on E with respect 
to P is defined by x≼y if only if y-x∈P. x≺y will 
stand for x≼y and x≠y, while x≪y will stand for y-
x∈int(P). Throughout this paper, we assume that all 
cones has nonempty interior. 
    There are two kinds of cones: normal and 
nonnormal cones. A cone P is called normal if there 
exists a constant K≥1 such that for all t,s∈E, θ≼t≼s 
implies ‖t‖≤K‖s‖ and the least positive number K 
satisfying this properties is called normal constant of 
P [7]. It is clear that K≥1 [12]. 
    According to [4] a binary operation 
∗:[0,1]×[0,1]→[0,1] is a continuous t-norm if ∗ 
satisfies the following conditions; 
1) ∗ is associative and commutative, 
2) ∗ is continuous, 
3) a∗1=a for all a∈[0,1], 

4) a∗b≤c∗d whenever a≤c and b≤d, a,b,c,d∈[0,1]. 
    According to [2] a fuzzy metric space is a 3-tuple 
(X,M,∗) such that X is an arbitrary set, ∗ is a 
continuous t-norm and M is a fuzzy set on X²×(0,∞) 
satisfying the following conditions; 
FM1) M(x,y,t)>0, 
FM2) M(x,y,t)=1 if and only if x=y, 
FM3) M(x,y,t)=M(y,x,t), 
FM4) M(x,y,t)∗M(y,z,s)≤M(x,z,t+s), 
FM5) M(x,y,.):(0,∞)→[0,1] is continuous, 
x,y,z∈X and t,s>0. 
    In [15], we generalized the concept of fuzzy metric 
space of George and Veeramani by replacing the 
(0,∞) interval by int(P) where P is a cone as follows: 
    A fuzzy cone metric space is a 3-tuple (X,M,∗) 
such that P is a cone of E, X is nonempty set, ∗ is a 
continuous t-norm and M is a fuzzy set on X²×int(P) 
satisfying the following conditions, for all x,y,z∈X 
and t,s∈int(P) (that is t≫θ , s≫θ) 
FCM1) M(x,y,t)>0, 
FCM2) M(x,y,t)=1 if and only if x=y, 
FCM3) M(x,y,t)=M(y,x,t),  
FCM4) M(x,y,t)∗M(y,z,s)≤M(x,z,t+s), 
FCM5) M(x,y,.):int(P)→[0,1] is continuous. 
    If (X,M,∗) is a fuzzy cone metric space, we will 
say that M is a fuzzy cone metric on X. 
    In [15], it was proven that every fuzzy cone metric 
spaces (X,M,∗) induces a Hausdorff first countable 
topology τM on X which has as a base the family of 
sets of the form {B(x,r,t):x∈X,0<r<1,t≫θ}, where 
B(x,r,t)={y∈X:M(x,y,t)>1-r} for every r with 0<r<1 
and t≫θ. 
    A fuzzy cone metric space (X,M,∗) is called 
complete if every Cauchy sequence is convergent, 
where a sequence {xn} is said to be a Cauchy if for 
any 0<ε<1 and any t≫θ there exists a natural number 
n₀ such that M(xn,xm,t)>1-ε for all n,m≥n₀ and is said 
to converge to x if for any t≫θ and any r∈(0,1) there 
exists a natural number n₀ such that M(xn,x,t)>1-r for 
all n≥n₀ [15].  
    According to [7] a cone metric space is an ordered 
(X,d), where X is any set and d:X×X→E is a 
mapping satisfying: 
CM1) θ≼d(x,y) for all x,y∈X, 
CM2) d(x,y)=θ if and only if x=y, 
CM3) d(x,y)=d(y,x) for all x,y∈X, 
CM4) d(x,z)≼d(x,y)+d(y,z) for all x,y,z∈X. 
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    Let (X,d) be a cone metric space with normal 
constant 1. Define a∗b=ab for every a,b∈[0,1], and let 
Md be the function defined on X×X×int(P) by 
 
 Md(x,y,t)=((‖t‖)/(‖t‖+‖d(x,y)‖)) 
 
Then (X,Md,∗) is a fuzzy cone metric space, and Md  
is called the standard fuzzy cone metric induced by d 
[16]. 
 
Corollary 1 ([16]) Let (X,d) be a cone metric space 
with normal constant 1and (X,Md,∗) be the standard 
fuzzy cone metric space induced by d. Then (X,d) is 
complete if and only if (X,Md,∗) is complete. 
 
Lemma 2 ([1]) A T1 topological space (X,t) is 
metrizable if and only if it admits a compatible 
uniformity with a countable base. 
Lemma 3 ([15]) Let (X,M,*) be a fuzzy cone metric 
space. Then tM is a Hausdorff topology and for each 
x∈X, {B(x,1/n,t/n) : n∈N and t≫θ constant} is a 
neighborhood base at x for the topology tM. 
 
III. RESULTS 
 
Theorem 4 Let (X,M,*) be a fuzzy cone metric space. 
Then (X,M,*) is a metrizable topological space. 
 
Proof. Let t≫θ constant. For each n∈N define  
Un = {(x,y)∈XxX : M(x,y,t/n) > 1-1/n} 
We need to show that {Un : n∈N} is a base for a 
uniformity U on X whose induced topology coincides 
with tM. For each n∈N, notice that following is 
obvious , 
{(x,x) : x∈X}ÌUn 
Un+1ÌUn 
Un = Un

-1 
 
Since * is continuous, there is an m∈N such that       
m > 2n and  
(1-(1/m))*(1-(1/m))>1-(1/n). 
Let (x,y)∈Um and (y,z)∈Um. Since M(x,y,.) is 
nondecreasing [15], M(x,z,t/n)>M(x,z,2t/m) and we 
have 
M(x,z,t/n)≥M(x,y,t/m)*M(y,z,t/m) 
                                ≥(1-(1/m))*(1-(1/m)) 
                                >1-(1/n) 
Therefore (x,z)∈Un and Um°UmÌUn. Hence             
{Un : n∈N} is a base for a uniformity U on X. For 
each x∈X and each n∈N, we have 
        Un(y) = {x∈X : M(x,y,t/n)>1-1/n} 
                  = {B(x,1/n,t/n) : n∈N and t≫θ constant}. 
By Lemma 3, the topology induced by U coincides 
with tM and by Lemma 2, (X,M,*) is a metrizable 
topological space. 
 
Corollary 5 A topological space is metrizable if and 
only if it admits a compatible fuzzy cone metric. 
Proof. Let (X,t) is a metrizable space and d be a 
metric on X compatible with t. Then, (X,d) is a cone 

metric space with the normal constant 1 [7] and the 
standard fuzzy cone metric space (X,Md,*) induced 
by d is compatible with t ([16]). The converse is 
obvious by Theorem 4. 
 
Corollary 6 Let (X,t) be a topological space. Then 
followings are equavalent: 
i (X,t) is a metrizable space. 
ii (X,t) is a cone metrizable space. 
iii (X,t) is a fuzzy metrizable space. 
iv (X,t) is a fuzzy cone metrizable space. 
 
Proof. By the Theorem 3.4 in [9] iÛii. By the 
Corollary 1 in [13], iÛiii. By the Corollary 5, iÛiv. 
 
Corollary 7 A topological space is completely 
metrizable if and only if it admits a compatible 
complete fuzzy cone metric. 
 
Proof. Let (X,M,*) be a complete fuzzy cone metric 
space. In the proof of Theorem 4, we proved that    
{Un : n∈N} is a base for a uniformity U on X 
compatible with tM, where for every n∈N,        
Un={(x,y)∈XxX : M(x,y,t/n)>1-1/n; t≫θ constant}. 
Therefore there exists a metric d on X whose induced 
uniformity coincides with U. Now we need to prove 
that d is complete. Let {xn} be a Cauchy sequence in 
(X,d). For  fixed r,t, with 0<r<1 and t≫θ we choose 
a k∈N such that 1/k<r and t/k‖t‖<t. Then, there is     
n0∈ N such that (xn,xm)∈Uk for every n,m>n0. For 
each n,m>n0, we have  
M(xn,xm,t) ≥M(xn,xm,1/k)>1-(1/k)>1-r. 
Hence {xn} is a Cauchy sequence in (X,M,*). Since 
(X,M,*) is complete, it is convergent with respect to  
tM. Therefore, d is a complete metric on X. We 
deduced that (X,tM) is completely metrizable. On the 
other hand, let (X,t) be a completely metrizable space 
and d be a complete metric on X compatible with t. 
Since every metric space is a cone metric spaces with 
normal constant 1, by Corollary 1, the standard fuzzy 
cone metric (X,M,*) induced by d is complete, and it 
is compatible with t. 
 
REFERENCES 
 
[1] R. Engelking, General Topology, PWN-Polish Sci. 

Publ.,Warsaw, 1977.  
[2]  A. George, P. Veeramani, “On some results in fuzzy metric 

spaces,” Fuzzy Sets and Systems, vol. 64, pp. 395-399, 1994. 
[3]  A. George, P. Veeramani, “On some results of analysis for 

fuzzy metric spaces,” Fuzzy Sets and Systems, vol. 90, pp. 
365-368, 1997. 

[4]  B. Schweizer, A. Sklar, “Statistical metric spaces,” Pasific J. 
Maths., vol. 10, pp. 314-334, 1960. 

[5]  D. Zi-ke, “Fuzzy pseudo metric spaces,” J. Math. Anal. 
Appl., vol. 86, pp. 74-95, 1982. 

[6]  L.A. Zadeh, “Fuzzy sets,” Inform. and Control.,  vol. 8, pp. 
338-353, 1965. 

[7]  L.-G. Huang, X. Zhang, “Cone metric spaces and fixed point 
theorems of contractive mappings,” J. Math. Anal. Appl., vol. 
332, pp. 1468-1476, 2007. 

[8]  M.A. Erceg, “Metric spaces in fuzzy set theory,” J. Math. 
Anal. Appl., vol. 69, pp. 205-230, 1979.  



International Journal of Management and Applied Science, ISSN: 2394-7926                                              Volume-2, Issue-5, May.-2016 

On The Metrızabılıty Of Fuzzy Cone Metrıc Spaces 
 

135 

[9]  M. Khani, M. Pourmadhian, “On the metrizability of cone 
metric spaces”, Topol. Appl., vol. 158(2),          pp. 190-193, 
2011. 

[10]  O. Kaleva, S. Seikkala, “On fuzzy metric spaces”, Fuzzy Sets 
and Systems, vol. 12, pp. 215-229, 1984. 

[11]  O. Kramosil, J. Michalek, Fuzzy metric and statistical metric 
spaces, Kybernetica, vol. 11,            pp. 326-334, 1975. 

[12]  Sh. Rezapour, R. Hamlbarani, “Some notes on the paper 
"Cone metric spaces and fixed point theorems of contractive 
mappings",” J.Math.Anal.Appl., vol. 345, pp. 719-724, 2008. 

[13]  V. Gregori, S. Romaguera, “Some properties of fuzzy metric 
spaces”, Fuzzy Sets and Syst., vol 115,    pp 485-489, 2000. 

[14]  T. Bag, “Fuzzy cone metric spaces and fixed point theorems 
of contractive mappings,” Ann. Fuzzy Math. Inform.,, vol. 6, 
no. 3, pp. 657- 668, 2013. 

[15]  T. Öner, M.B. Kandemir, B.Tanay, “Fuzzy Cone Metric 
Spaces,” Journal of Nonlinear Science and Applications, vol.  
8, no. 5, pp. 610-616, 2015. 

[16]  T. Öner, M.B. Kandemir, “Fuzzy Cone Symmetric Spaces”, 
submitted. 

[17]  T. Öner,  “Some topological properties of fuzzy cone metric 
spaces,”, Journal of Nonlinear Science and Applications, vol.  
9(3), pp. 799-805, 2015. 

 
 
 
 
 
 
 
 
 
 

 
 


