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Abstract—This paper investigates numerical solution of stochastic differential equations by applying moving least squares 
approximation in a stochastic Galerkin projection scheme. Two different types of probability distribution functions studied 
here are uniform and lognormal. Numerical solution of problems with uniform random inputs are compared with Legendre-
base polynomial chaos expansion. In the case of lognormal distribution, (modified) Gram-Schmidt polynomial is used for 
comparison. In different examples it is demonstrated that the accuracy of moving least squares is comparable with the ones 
of Legendre-chaos expansion and Gram-Schmidt. 
 
 
I.  INTRODUCTION 
 
An often overlooked consideration in computational 
mod-elling is the effect of errors or uncertainty in the 
input data such as system parameters, initial and 
boundary conditions. The reliability of computational 
predictions depends on assign-ing accurate values to 
parameters in the governing equations. In some cases, 
even a small uncertainty in the input data might result 
in non-negligible changes in the output of the system. 
The purpose of uncertainty quantification is therefore 
to investigate the effect of uncertainty in the input 
data and provide more reliable predictions for real-
world applications. 
 
One of the most widely used methods for uncertainty 
quantification is the polynomial chaos (PC) based 
stochas-tic Galerkin projection scheme proposed by 
Ghanem and Spanos [1]. In this method, a truncated 
version of PC ex-pansion was combined with a finite 
element method and successfully applied to a range 
of engineering problems [1], [2], [3], [4], [5]. One of 
the limitations of PC expansion is that the rate of 
convergence using Hermite basis functions is 
optimum (exponential) only for Gaussian random 
inputs. To alleviate this problem, gPC was developed 
in 2002 as an extension of classical PC by choosing 
appropriate orthogonal basis functions from the 
Askey scheme of hypergeometric polynomials 
according to the probability distribution functions 
(pdf) of random inputs [6]. It is numerically 
demonstrated in [6] and later in [7] it is proved that 
choosing orthogonal polynomial basis functions from 
the Askey scheme according to the pdfs of the input 
random variables leads to optimal convergence for 
non-Gaussian random variables. Since then gPC has 
been applied to many problems including random 
inputs with probability distributions similar to the 
weight function of orthogonal polynomials in the 
Askey scheme [8], [9], [10]. 
In practical problems we are often faced with 
distributions that lie outside the Askey scheme. In 

particular, positive physi-cal properties like mass, 
stiffness, diffusivity, etc. might follow a lognormal 
distribution. Therefore it is of special interest to 
extend the correspondence between orthogonal 
polynomials and pdfs to distributions outside the 
Askey scheme to achieve exponential convergence 
using optimal polynomials for such cases [11], [12], 
[13], [14]. In [12] multi-element gPC is developed for 
arbitrary distributions to generate the set of 
orthogonal polynomials numerically using the 
Stieltjes three-term recurrence procedure. The 
application of Gram-Schmidt orthogonalization for 
improving the rate of convergence for arbitrary pdfs 
was first proposed in [13] and subsequently applied to 
dynamic stall-induced fluid-structure interaction of 
turbine blades in [14]. 
 
Moving least squares (MLS) was first proposed in 
1981 by Lancaster and Salkauskas [15] as an 
approximation which moving in a domain (point by 
point) applies a weighted least squares approximation 
in a support domain around each point. Years later, in 
1992, Nayroles et al. [16] applied MLS to Galerkin 
weak-form for the first time in deterministic problems 
and formulated the diffuse element method (DEM). 
Also, a new class of deterministic meshfree schemes 
commonly referred to as element free galerkin (EFG) 
methods was developed using MLS in [17] and later 
applied to many engineering problems including 
singularity and nonlinearity [18], [19], [20]. MLS 
based spatial discretization schemes in combination 
with perturbation methods have been applied to 
stochastic partial differential equations in [21], [22]. 
More recently, some researchers have studied the 
application of MLS approximations in nonintrusive 
uncertainty quantification; see, for example, 
references [23], [24], [25]. 
 
II. MOVING LEAST SQUARES 
 
MLS is an approximation technique proposed in [15] 
which applies a weighted least squares approximation 
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to each point in a domain using the nodes in a 
neighbouring area around each point known as the 
support domain. To illustrate this approach, consider 
a function of random variables u(ξ) with ξ ∈ D ⊂ RM. 
The domain D can be represented by a set of nodes at 
which the function is known. For two- and three-
dimensional cases uniform sampling can be used to 
generate the set of nodes. Minimum discrepancy 
sequences such as Halton [26] and Sobol [27] can be 
used to generate nodes in 
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Fig. 6: Comparison of the mean of the MGS and gPC with 26 

terms in their expansions. 
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