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Abstract - Heavy metal contamination of soil-water system is a ubiquitous problem and remediation of such polluted 
resources is required to eliminate the risk to human and the environment. Phytoextraction is an eco-friendly technology 
through which plants are used for removing heavy metal from polluted sites. The effective implementation of 
phytoextraction requires a conceptual insight of the soil-plant-atmosphere continuum process that controls the removal of 
metal pollutants from the problematic area. A mathematical model is developed to investigate the removal of a heavy metal, 
lead, by maize at different stages of it growth. The model comprises two parts; 1) moisture flow prediction and 2) 
contaminant uptake simulations. In the first part, the actual water uptake by plant is predicted and the hydraulic regime of the 
root zone for different moisture conditions is computed. Through the second part of the model, the extraction kinetics of lead 
is simulated using the data of water uptake and plant root biomass accumulation. The set of partial differential equations 
developed are solved numerically by the finite difference technique for varying boundary conditions.  
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I. INTRODUCTION 
 
Contamination of soil by heavy metals due to 
anthropological activities poses a serious ecological 
concern and its remediation is needed to eliminate 
risk to the environment. The current practice of 
remediation of these polluted sites relies heavily on 
dig-and-dump or encapsulation methods, neither of 
which addresses the issue of decontamination.  
Cleaning these sites via immobilization or extraction 
by physiochemical techniques can be prohibitively 
expensive (Salt et al. 1995) and is often appropriate 
only for small areas where rapid and complete 
decontamination is required. Some methods, such as 
soil washing, have an adverse effect on the biological 
activity, soil structure and fertility, moreover, some 
may even require significant engineering costs. Due 
to the limitations of these conventional methods, 
there is a great scientific and commercial interest in 
the use of alternate methods like phytoremediation 
for removing the heavy metals from polluted soils.  
Phytoextraction, which is an eco-friendly cleanup 
technology (Lasat 2000) is a type of 
phytoremediation that involves removing inorganic 
contaminants primarily heavy metals from polluted 
sites using certain plant species called hyper-
accumulators. These plants can accumulate large 
concentrations of targeted metal contaminant in their 
root-shoot system. The low technology in-situ 
approach of phytoextraction is more attractive as it 
offers site restoration, partial decontamination, 
besides maintaining the biological activity and 
physical structure of soils. Furthermore, it is visually 
unobtrusive and there is the possibility of bio-
recovery of metals from the plants. Due to the 
enormous potential for its cost and environment 
savings, there is a significant interest in this 
technology that is in its early stage of development 

and very little information is available related to site 
clean up from start to finish (Gonzaga et al. 2006).  
For phytoextraction to be successful, the knowledge 
of the plant-soil-environment mechanisms that 
control the uptake of metal contaminant by root 
biomass through mathematical modeling is essential. 
Since metallic contaminants moving with soil 
solution get (de)sorbed and/or are taken up by plant 
roots, as a prerequisite, the moisture flow in planted 
soil should be predicted effectively.  
 
A large number of models for quantifying water 
uptake by plant roots have been proposed by the 
researchers over the years. A comprehensive review 
from a hydrological perspective by Hopmans and 
Bristow (2002) suggest classification of such studies 
under two categories. Studies in the first category 
deal with the radial flow of water to a single root and 
follow a microscopic approach (Gardner 1960). For 
this conceptual approach however, one requires 
detailed information of the growing root system that 
is very time consuming and at times difficult to 
measure.  In the second category, a macroscopic 
approach is followed which does not have a 
requirement for soil and plant parameters, which are 
otherwise difficult to obtain. In this approach, the root 
zone is considered as a single unit that removes 
moisture as a whole and the plant water uptake is 
represented by a volumetric term in Richards (1931) 
soil water flow equation. The plant water uptake is 
simulated using the potential transpiration rate and 
the plant root distribution . Most of these models 
assume either a static root depth or an oversimplified 
water uptake term in the form of either a constant or a 
linear function of water extraction throughout the root 
zone.  
Improvements have been proposed by Prasad (1988) 
to account for the non-homogeneous distribution of 
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roots in the soil profile. Mathur and Rao (1999) 
improved the uptake simulation by incorporating a 
dynamic root growth function.  In this study, a 
normalized non-linear root density function of Wu et 
al. (1999) that represents the spatial and temporal 
non-linearity of the roots density distribution is 
adopted. The function is independent of the plant 
growth stage and characterizes the non-uniformity by 
a single function.  In the model developed in this 
study, the water uptake by plant and moisture 
movement in the variably saturated soil is simulated 
first and the metal extraction by plant roots is 
simulated thereafter using the water flow input data 
and the plant-soil parameters.  
Plants have a natural propensity to take up metals and 
they not only accumulate high levels of essential 
micronutrients, but also absorb significant amounts of 
nonessential metals like Pb and Cd (Lasat 2002). 
Plant physiologists describe the uptake of solutes by 
roots as an active process that depends on the plant 
demand and the soil supply. Mathematical models 
that simulate this uptake rate are generally described 
using Michaelis-Menton kinetics (Mullins et al. 1986, 
Nedunuri et al. 1998). Most of the available 
mechanistic models predict the transport of plant 
nutrients assuming steady state moisture and solute 
conditions (Hoffland et al. 1990) and a review of the 
literature shows that very few rhizosphere models 
address heavy metal contaminant uptake by plant 
roots (Rao and Mathur 1994). From amongst these 
models, the metal uptake model of Vogeler et al. 
(2000) oversimplifies the uptake mechanism by 
assuming metal uptake to be a passive process. 
Further, in the remaining models, the metal uptake 
kinetics is assumed to be an active process; however, 
these models ignore the time dependent root biomass 
and the root density distribution function by taking 
the soil control volume instead of the root biomass 
volume.  Thus, an oversimplified extraction term is 
adopted in all these heavy metal uptake models.  
For phytoextraction of lead to be a feasible tool of 
remediation, the plants that are used should 
accumulate a high biomass in addition to its 
capability of extracting large amount of lead from the 
contaminated soils. Experiments conducted by 
researchers for the removal of lead from a polluted 
media have found that some plants like Thalspi 
rotundifolum can hyper accumulate lead in their 
roots, yet they are not able to effectively translocate 
the Pb to the shoots, nor do these plant have sufficient 
biomass and have a very low growth rate (Huang and 
Chunningham 1996). On the other hand, plants such 
as maize (Zea mays) appear to be efficient at 
translocating lead to the shoots from the roots 
(Brennan and Shelley 1999). Furthermore, maize 
grows fast, has a large biomass and is one of the few 
plant species of which the genetics, transformation 
and regeneration characteristics have been 
extensively studied (Huang and Chunningham 1996). 
All these properties make maize an excellent model 

system and hence, selected here for the 
phytoextraction modeling of lead contaminated site. 
Also, the extraction of lead by maize root biomass in 
variably saturated soil is modeled using a more 
realistic moisture flow and water uptake mechanism. 
The metal contaminant uptake by plant root biomass 
from polluted soil is simulated using active ion-
selectivity hypothesis expressed mathematically by 
Michaelis-Menton active uptake kinetics.  
 
II. MODEL DEVELOPMENT 
 
The spatial and temporal distribution of the moisture 
in a variably saturated porous media is estimated by 
combining the Darcy’s law and the continuity 
equation to obtain the following one-dimensional 
modified form of Richards equation (Rao and Mathur 
1994):  
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Where,  is the volumetric water content, h is the 
pressure head, S is a sink term representing water 
extraction expressed as volume of water per unit 
volume of soil per unit time, z is the depth and K is 
the hydraulic conductivity and t depicts the time. 
Out of the popular soil moisture constitutive 
relationships reported in literature, the one given by 
Haverkamp et al. (1977) is expressed as 
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Where, s is the saturated water content, r is the 
residual water content, h is the soil moisture pressure 
head and n, m,, ,  and  are curve fitting 
parameters. 
The sink term, S, in equation (1) represents the 
volume of water removed per unit time from a unit 
volume of soil due to water uptake by plant root. For 
water uptake by roots under different soil moisture 
conditions, Feddes et al. (1978) introduced a 
macroscopic sink term as the function of the 
maximum extraction rate (Smax) and soil water 
pressure head and suggested that 

  maxShS       
            ……… (3) 
The water uptake by roots term depends mainly on 
the soil moisture availability in the root zone (Prasad, 
1988), the root density distribution and the 
atmospheric demand (Perrochet, 1987). Perrochet 
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(1987) demonstrated that water uptake by roots 
function can be written in a canonical form as 

    pTtzhS ,        
          ……….. (4) 
Where,  tz, is root density distribution function 

and  h  is a dimensionless soil water availability 
factor which is a function of the pressure head and 
can be expressed by the following equation 
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In this equation, h1 is the anaerobiosis point, h4 is the 
wilting point pressure head and h2 and h3 are the 
pressure heads values when water uptake is optimal.  
The classical convection dispersion equation is used 
for contaminant transport in a soil profile considering 
the metal extraction by plant root biomass. The Fick’s 
law coupled with the mass balance equation yields a 
modified form of the advective-dispersive equation 
(Rao and Mathur 1994). 
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where C is the metal concentration in the soil 
solution, SD is the metal concentration adsorbed by 
the soil solids, D is the hydrodynamic dispersion 
coefficient, s  is the bulk density of soil, q is the soil 
water flux, and Sc is the contaminant uptake term (mg 
per unit volume of soil per unit time).  
Heavy metal uptake by plant roots from its surface 
layer is assumed to follow an active process 
expressed mathematically by the Michaelis-Menton 
kinetics. The spatial and temporal variation of heavy 
metal concentration at the root surface is simulated 
using the mass balance equation proposed by Yadav 
and Mathur (2008): 
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Where, C is the metal concentration in soil solution, 
Crs is metal concentration at the root surface, Pc is the 
partition coefficient, Vrs is root surface volume, VT is 
total soil volume, DR is the effective diffusion rate 
between soil solution and root surface boundary 
layer. Vmax is maximum uptake rate of metal by roots 
from the root surface (mg/Kg of root biomass per 
day), Km is the soil solution concentration when 
uptake is half maximal and Mr is the effective root 

biomass. The last term in the above equation 
represents the total metal uptake from the soil layer.  
The plant growth over a generation is typically 
characterized by a sigmoid function comprising four 
growth stages (Gardner et al., 1985). The growth in 
the initial stage is represented by an exponential 
growth rate followed by a linear growth period with a 
relatively constant rate. Subsequently the growth 
becomes progressively less until a steady state is 
attained. The equation used to describe the sigmoidal 
growth dynamics of rooting depth is given by the 
function:  
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Where, Lr is the rooting depth, mL is the maximum 

root depth, ga and gb are coefficients dependent on 

growth stages and DAP  and DTP are the days 
after planting and days required for maturity of the 
required plant. 
To characterize the relative distributions of root 
density at different growth stages, Wu et al. (1999) 
normalized the root density distribution of wheat, 
maize, cotton and bean and a third-order polynomial 
equation was utilized to fit the pooled data of each 
crop such that 

  3
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         ………. (9) 
Where, zr = z/Lr is the normalized depth, Lnrd is 
normalized root density, 321 ,, RRR and 4R  are 
the polynomial coefficients.  
 
III. SIMULATION PROCEDURE 
 
The partial differential moisture flow equation (1), 
coupled with the water extraction by plant model is 
first solved numerically in time and space by the 
above mentioned finite difference technique. The 
study domain is discretized into a grid which is a 
network of points defined by taking depth increments 
of length z  and time increments of duration t . At 
each time step, a set of algebraic equations in tri-
diagonal form are formulated which are solved using 
Thomas algorithm to obtain the spatial distribution of 
moisture content. The equation is solved using an 
initial water content distribution and a flux boundary 
condition that signifies rainfall and evaporation. The 
partial differential transport equation (6) is used to 
compute the contaminant movement in the vadose 
zone and solved numerically using the Crank-
Nicholson finite difference method. In order to 
circumvent the problem of numerical smearing and 
oscillations, a fine discretization of space and time is 
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used. The metal surface concentration at the root 
surface and its uptake by the varying root biomass is 
computed next using the mass balance equation (7). 
In addition to the output obtained from the moisture 
flow model, the dynamic plant biomass data and 
other soil-plant parameters are used as an input to the 
metal contaminant extraction simulation.  A 
schematic presentation of the metal contaminant 
extraction by plant root biomass simulation is 
presented in Fig. 1. Table 1 shows the different model 
parameters used in the model simulation and a 
software code in C++ is developed for the solution of 
the governing equations.   
 
RESULTS AND DISCUSSIONS  
 
A simultaneous movement of moisture and 
contaminant transport in unsaturated soil using the 
simulation example of flow and transport of Li (1996) 
is used. The soil chosen in this case is coarse sandy 
type with the hydraulic parameters as given in Table 
1. It is assumed that there is a continuous infiltration 
of water having concentration 1 ppm at a constant 
rate of 0.0015 cm/sec in a column of 80 cm depth 
from its top boundary. The initial moisture and salt 
concentration of the soil is taken as 0.065 cm3/cm3 
and 0.1 ppm respectively. The flow domain is divided 
into 81 nodes with a nodal spacing of 1.0 cm along 
with an error criterion of 1.010-6. Figs. 2 and 3 show 
the soil moisture pressure head and soil solution 
concentration profiles respectively in the column after 
a simulation time period of one hour. The model 
results shown in these figures compare well with the 
fine grid solution of Li (1996). 
The simulation of lead (Pb) uptake by maize is 
carried out for a hypothesized case taking realistic 
parameters available from literature. The water 
uptake rate (S), simulated from moisture flow is used 
in this part of the model simulation. It is assumed that 
all Pb is in bioavailable form and the soil is almost 
saturated. Before simulating the lead extraction, 
knowledge of the plant growth is required since it 
influences the amount of root biomass available for 
the removal of lead from the contaminated root zone. 
Shoot biomass of maize is simulated first and then 
root biomass is computed using root-shoot ratio for 
the entire growth period. 
A sigmoid growth pattern is assumed to simulate the 
shoot biomass accumulation over the entire growing 
season of the maize plants in the study. The shoot 
mass is taken as 0.374 kg per plant at maturity and 
root surface volume (Vrs) is considered as 8% volume 
of the total root biomass (Brennan and Shelley, 
1999). It is also assumed that one gram of live plant 
biomass has a volume of 1 ml and the root dry 
biomass is calculated using the average shoot-root 
partition ratio (Srp) of 1.9 for maize crop as suggested 
by Kramer and Boyer (1995). Furthermore, the 
effective root mass factor is assumed to decrease 
linearly throughout the growing season and is 

multiplied by the total root mass to get the effective 
root biomass. This is also depicted in Fig. 4 in which 
the effective root biomass is shown decrease 
throughout the course of the growing season (125 
days). Thus, as the maize plant grows older it uses 
less of its root biomass to uptake Pb from the polluted 
soil solution.     
The lead extraction by maize plant root biomass is 
simulated using the Michaelis-Menten kinetics 
expressed by equation 10. The lead uptake rate by the 
maize plants biomass is shown in Fig. 5. The metal 
uptake rate for an initial concentration of lead of 50 
mg/l in the soil solution is observed to increase for 
the first two months of the plant cultivation, followed 
by a decrease for the rest of the growing period. The 
temporal variation of the total quantity of lead 
accumulated in the plant biomass is shown in Fig 6. 
Initially (0-80 days), growth of the accumulation of 
lead in the plant biomass is very high due to the 
increase in the root biomass growth coupled with a 
linear constant rate of extraction. The rate of uptake 
decreases gradually till a steady state is attained in 
about 100 days. About 307.4 mg of lead is 
accumulated in the whole plant biomass at the end of 
the maize growing season. 
The concentration of lead in soil solution is plotted 
against the maize growing period in Fig. 7 and from 
the figure one observes that a decrease of 14.2% of 
lead contaminant in the soil can be achieved till the 
end of the crop growth period. The total amount of 
lead removed from a unit volume of the soil during 
ten days period over the growing period of the maize 
is also given in Table 4. The table shows that after 90 
days, the rate of lead removal starts to decline and 
thereafter remains quite high till the 100-110 day. 
Keeping the goal of phytoextraction in view, it would 
be wise to remove the polluted biomass any time after 
about 110 days. A high lead concentrated water or 
Chelators, which surges the Pb concentration in soil 
solution, may be added into the root zone between the 
80 to 90 days. This addition of Chelators or high Pb 
loaded water leads to plant death after a few days due 
to high lead toxicity.   
 
CONCLUSIONS 
 
The model integrates the moisture flow in a variably 
saturated soil with water and metal contaminant 
uptake by plant root biomass.  The integrated 
moisture and contaminant transport is simulated 
effectively using the present model. The lead 
phytoextraction by maize for a hypothesized case 
using realistic plant-soil parameters is simulated. The 
accumulation of effective root dry biomass over the 
entire growing period is simulated from the computed 
shoot biomass using the shoot-root ratio (Srp). Lead is 
extracted from the contaminated soil with the help of 
the accumulated root biomass and the total amount 
extracted is a function of Vmax and Km. The lead 
accumulation rate in the plant biomass is very high in 
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the initial growth stage of the maize due to the 
increase in the root biomass coupled with a high rate 
of metal extraction. The rate of lead uptake decreases 
gradually till a steady state is attained in about 100 
days of crop period. Results show that a decrease of 
14.2% of lead contaminant in the soil can be achieved 
till the end of the maize growth period. A sensitivity 
analysis shows that the removal of lead is more 
sensitive to parameters Vmax and Srp compared to Km. 
This model does not incorporate the effects of inter 
metal competition and the impact of soil pH and 
organic content in phytoextraction modeling. 
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Parameters  Notation Values  Unit  Reference 
Residual moisture  r  0.06  ---       Li 1996 
Saturated moisture s  0.27  __       Li 1996 
Fitting parameter    5.624104

 __       Li 1996 
Fitting parameter   6.355  __       Li 1996 
Fitting parameter   3.163  __       Li 1996 
Empirical coefficient  ga   5.372  __        Wu et al. (1999) 

Empirical coefficient  gb   6.105  __        Wu et al. (1999) 
Diffusion rate constant DR  10  1/day         Brennan and Shelley (1999) 
Days to maturity DTP  125  days        Yin et al. (2002) 
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Day of max. growth DTM  89  day        Yin et al. (2002) 
Half saturation point Km  8.3  mg/L        Brennan and Shelley (1999) 
Maximum root depth  Lr  80  cm        Brennan and Shelley (1999) 
Partition coefficient Pc  15  __        Brennan and Shelley (1999) 
Empirical coefficient R1  2.15  __        Wu et al. (1999) 
Empirical coefficient R2  -1.67  __         Wu et al. (1999) 
Empirical coefficient R3  -2.36  __        Wu et al. (1999) 
Empirical coefficient R4  1.88  __        Wu et al. (1999) 
Shoot-root ratio  Srp  1.9  __        Kramer and Boyer (1995)  
Maximum uptake rate Vmax  184             mg/kg/day    Brennan and Shelley (1999) 

Table 1. Model Parameters used for simulating soil moisture and lead concentration 
 

S. No Plants growth period (days) 
Total lead removed from 1 m3 
of soil by the maize biomass 

(mg) 

Lead removed during this period 
(mg) 

1 1-10 0.033 0.033 
2 11-20 5.44 5.40 
3 21-30 26.54 21.14 
4 31-40 77.63 51.09 
5 41-50 170.57 92.94 
6 51-60 311.20 140.63 
7 61-70 496.65 185.45 
8 71-80 714.38 217.73 
9 81-90 942.76 228.38 
10 91-100 1153.46 210.7 
11 101-110 1315.63 162.17 
12 111-120 1402.13 86.5 
13 121-125 1411.50 9.37 

Table 2. Removal of lead from the soil during the maize growing period 
 

 
Fig. 1 Schematic presentation of the metal contaminant extraction simulation 
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Fig. 2 Variation of soil moisture pressure head with soil depth for case 2 

 

 
Fig. 3 Concentration variation of solute with depth for case 2 

 

 
Fig. 4 Variation of plant biomass accumulation with growing season of maize 
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Fig. 5 Variation of metal uptake rate with plant growing time 

 
Fig. 6 Total lead accumulation in plant biomass with growing season 

 
Fig. 7 Residual lead in root zone with growing period of plant 
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