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Abstract— This paper presents an effective optimization method for nonlinear constrained optimization of retaining 
structures. Gravitational search algorithm is one of the latest swarm intelligence based optimization algorithm. A new hybrid 
optimization algorithm which combines pattern search with gravitational search algorithm (GSA), namely GSAPS, is 
proposed for optimum design of reinforced concrete retaining walls. There are two alternative phases of the proposed 
algorithm: the global exploration phase realized by gravitational search algorithm and the exploitation phase completed by 
pattern search. The numerical experiments demonstrate the efficiency and reliability of the new algorithm. 
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I. INTRODUCTION 
 
Reinforced concrete retaining wall, which is one of 
the most common and utilized types of geotechnical 
retaining structures, constitute an integral part of the 
infrastructure and are frequently constructed for a 
variety of applications. The traditional goals of 
engineers in the field of structural optimization 
design were minimize the objective function, which is 
usually the cost or the weight of the structure rather 
than environmental factors. Nowadays, the objective 
of structural design becomes to optimize the 
consumption of materials not only from an economic 
point of view, but also environmental. This study 
deals with the optimization of reinforced concrete 
(RC) retaining walls, in terms of minimum CO2 
emissions. The CO2 objective function quantifies the 
total amount of carbon dioxide emissions resulting 
from the use of materials and minimization of 
embedded CO2 emissions seems necessary to include 
design criteria.   
 
Generally, the structural optimization problem can be 
executed using either conventional deterministic or 
modern heuristic methods. In deterministic methods, 
the objective function must be differentiable or 
continuous or the reasonable region must be convex. 
This requirement indicates that the efficiency of these 
methods is limited to problems with a few design 
variables. Conversely, the second main category of 
the optimization methods is heuristic methods, which 
are not restricted in the aforementioned manner. 
Specifically, heuristics are techniques which provide 
acceptable (near optimal) solutions at a reasonable 
computational cost for solving hard and complex 
problems. The heuristic optimization algorithms do 
not require the objective function to be derivable or 
even continuous and can be employed directly on the 
fitness function to be optimized.  
Gravitational search algorithm (GSA) is one of the 
latest global optimization algorithms, motivated by 
the gravitational law and laws of motion [1]. The 

GSA is characterized as a simple concept that is both 
easy to implement and computationally efficient. The 
effectiveness and higher performance of GSA as an 
excellent global optimization algorithm, compared 
with some well-know search methods (e.g. GA and 
PSO), infers from the results of experiment 
undertaken previously [1-4]. 
 
This paper develops a new hybrid algorithm 
combining the GSA with pattern search (PS) 
methods, which is a subclass of direct search 
methods.  The proposed hybrid method uses the 
global exploration capability of the GSA, which can 
give a near optimum solution even when the problem 
has many local optimum and PS, which has local 
search ability for accurate local exploitation. During 
the initial optimization stages, the proposed algorithm 
starts with GSA to find a near optimum solution and 
accelerate the convergence speed. The searching 
process is then switched to PS and the best solution 
found by GSA will be taken as the initial starting 
point for the PS and will be fine tuned. In this way, 
the hybrid GSAPS algorithm may find an optimum 
solution more quickly and accurately. 

 
II. GRAVITATIONAL SEARCH ALGORITHM   
 
Gravitational search algorithm (GSA) is one of the 
newest heuristic population based search algorithms. 
The GSA could be considered as a small artificial 
world of masses obeying the Newtonian laws of 
gravitation and motion [1]. In this approach, all the 
individuals (search agents) can be viewed as objects 
and their performances are evaluated by their masses. 
All these objects attract each other by a gravity force, 
and this force causes the movement of all objects 
globally towards objects with heavier masses. The 
heavy masses correspond to good solutions of the 
problem. The position of the agent represents a 
potential answer of the problem, and its mass is 
determined using a fitness function. By lapse of time, 
masses are attracted by the heaviest mass, which 
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correspond an optimum solution in the search space. 
In the following, the formulation of GSA is presented 
in short. 
 
In GSA, an agent status on the search space is 
characterized by two factors: its position (Xi) and 
velocity (Vi). In this approach, the new velocity and 
position of agent i will be updated according to the 
following equations: 

( 1) ( ) ( )d d d
i i i iv t rand v t a t                               (1)              

( 1) ( ) ( 1)d d d
i i ix t x t v t                                       (2)              

where vi
d  is the velocity of agent i in dimension d, 

which represents the distance to be traveled by this 
agent from its current position, xi

d represents the 
position of agent i and t is the iteration number. randi 
is a uniform random variable in the interval [0, 1]. 
This random number is applied to give a randomized 
characteristic to the search and to increase diversity 
and the probability of finding the global optimum. In 
Eq. (1), ai

d is the acceleration of agent i in dimension 
d and can be calculated as follows: 

, ,

( )
( ) ( ) ( ( ) ( ))
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(3) 
where randj is a random number in the interval [0, 1], 
G (t) is the gravitational constant at time t based on 
Eq. (6), Mj is mass of agent j based on Eq. (4), ε is a 
small value and Ri,j(t) is the Euclidean distance 
between two agents, i and j defined as Ri,j(t) = || Xi(t), 
Xj(t)||2.  kbest is the set of first K agents with the best 
fitness value and biggest mass, which is a function of 
time, initialized to K0 at the beginning and decreased 
with time. Here K0 is set to N (total number of agents) 
and is decreased linearly to 1. 
The mass of each agent in Eq. (3) is evaluated using 
the following equation: 

1

( )
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i N
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m t
M t

m t





                                               

(4)                                                                                                                                        

in which, 
ifit ( ) - worst( )

( )
best( ) - worst( )i

t t
m t

t t
                                        (5)                                                                                                                             

where fiti(t) represent the fitness value of the agent i 
at time t. best(t) and worst(t) is the best and worst 
fitness of all agents, respectively. In Eq. (3), the 
gravitational constant, G (t), is a decreasing function 
of time where it is set to G0 at the beginning and is 
decreased exponentially towards zero at the last 
iteration. 

 0 max( ) expG t G t t                                   (6)
  

            
where β is a constant, t is the current iterations and 
tmax is the maximum iteration number.  
 
III. PATTERN SEARCH 
 
The Pattern Search (PS) is an evolutionary routine 
suitable for solving a variety of optimization 

problems especially for deterministic local search. PS 
is a derivative free algorithm and has the advantage 
of being very simple in concept, easy to implement 
and computationally efficient. In the pattern search 
method, a combination of exploratory move and 
pattern move is made iteratively to search out the 
optimum solution for the problem.  
 
The PS algorithm computes a sequence of points that 
may or may not approach the optimum. First, a set of 
points called a mesh is established around an existing 
point (initial or from the previous step). If a point in 
the mesh is found to improve the objective function, 
the new point becomes the current point at the next 
iteration. The PS begins with an initial point X0 
supplied by the user. At the first iteration, with a 
scalar = 1 (called the mesh size), the pattern vectors 
(or direction vectors) are constructed as [0 1] + X0, [1 
0] + X0, [-1 0] + X0 and [0  -1]+ X0, and new mesh 
points are added as illustrated in Fig. 1[5]. Objective 
functions are computed until a value smaller than for 
X0 is found. If there is such a point, the poll is 
successful and the algorithm sets this point as equal 
to X1. After a successful poll, the algorithm multiplies 
the current mesh size by 2, (called the expansion 
factor) and proceeds to iteration 2 with the following 
new points: 2*[1 0]+ X1;*[0 1]+ X1, 2 *[-1 0]+ X1 and 
2 *[0 -1]+ X1. If a value smaller than for X1 is found, 
X2 is defined, the mesh size is increased by two and 
iterations continue. If at any stage the poll is 
unsuccessful, i.e. no point has an objective function 
smaller than the most recent value, the current point 
is not changed and the mesh size is reduced (e.g. by 
multiplying by 0.5, a contraction factor).  
 

 
Fig. 1 PS mesh points and the pattern 

 
These steps are repeated until the optimum is found, 
that is one of the terminating conditions occurs, for 
example the mesh size is less than the set tolerance, 
the maximum number of iterations has been reached, 
the change in the value of the objective function is 
very small, or similar. 
 
IV. HYBRID GSA–PS ALGORITHM 
 
By combining the GSA with PS, a new hybrid 
algorithm referred to as GSAPS algorithm is 
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formulated in this paper. In this approach the balance 
between exploration and exploitation is achieved 
using the GSA as a global optimizer for global 
exploration and PS as a deterministic local search 
algorithm for local exploitation. This algorithm 
effectively uses the benefit of both GSA and PS 
techniques and avoids their weaknesses. In GSAPS, 
the searching process starts with the GSA by 
initializing a group of random agents since the PS is 
sensitive to the starting point. The calculation 
continues with the GSA for a specific number of 
iterations to search the global best position in the 
solution space. The best solution found by GSA will 
be taken as the initial starting point for the PS and the 
searching process is then switched to PS to accelerate 
convergence to the global optimum. The procedure 
for the proposed GSAPS algorithm is presented in 
Fig. 2. 
 

 
Fig. 2 The framework of the GSAPS algorithm 

 
V. RETAINING WALL OPTIMIZATION 
 
A general retaining wall optimization problem can be 
stated as follows: 
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(10) 
where X is a vector of length n containing the design 
variables, f(X) is the objective function, which returns 
a scalar value to be minimized, g(X) is a vector of 
length m containing the values of the inequality 
constraints evaluated at X. XL and XU are two vectors 
of length n containing the lower and upper bounds of 
the design variables, respectively. The above 
mathematical formulation contains only inequality 
constraints, as equality constraints are usually not the 
case in retaining structure optimization. 

5.1. Objective functions  
In this study, the objective function is the total 
amount of CO2 emissions resulting from the use of 
materials which involve emissions at the different 
stages of production and placement. The CO2 
emissions objective function can be presented 
mathematically in the following form: 
  1 c c s s f ff e V e W e A X

                                 
(11) 

 
where ec, es and ef are the CO2 unit emissions from 
the retaining structure materials, i.e., concrete, steel 
and formwork. In addition, Vc, Ws and Af denote the 
volume of concrete, weight of steel and area of 
formwork per unit length of the wall. The CO2 unit 
emissions considered for the optimization in the 
current study are given in Table 1 and are obtained 
from the BEDEC PR/PCT ITEC materials database 
of the Catalonia Institute of Construction Technology 
[6]. 
 

Table 1 CO2 emission considered in the analysis 

 
 
5.2. Design variables 
Figure 3 shows the cross section and design variables 
for the retaining wall model. The design variables are 
divided into two categories: those that describe the 
geometric dimensions of wall cross-section, and those 
that model the steel reinforcement. As it is shown in 
Fig. 3, there are five geometric design variables 
representing the dimensions of the retaining wall: X1 
is width of the heel, X2 is stem thickness at the top, X3 
is stem thickness at the bottom, X4 is width of the toe 
and X5 is thickness of the base slab. There are three 
additional design variables related to the steel 
reinforcement of the various sections of the retaining 
wall: X6 is the vertical steel reinforcement in the stem, 
X7 is the horizontal steel reinforcement in the toe and 
X8 is the horizontal steel reinforcement in the heel. B 
is the base width of the wall’s foundation, H is total 
height of the wall and H΄ is height of the stem.  
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Fig. 3 Design variables of the RC retaining wall 

 
5.3. Design Constraints  
The typical design philosophy of retaining walls 
seeks designs that provide safety and stability against 
failure modes and comply with concrete building 
code requirements. The various design constraints 
shall be considered in the optimization of the RC 
retaining wall are presented in Table 2.  
In Table 2, FSS = required factor of safety against 
sliding; FSO = required factor of safety against 
overturning; FSb = required factor of safety against 
bearing capacity; ∑MR is sum of the moments of 
forces that tends to resist overturning about the toe; 
∑MO is sum of the moments of forces that tends to 
overturn the structure about the toe; ∑FR = sum of the 
horizontal resisting forces; ∑Fd = sum of the 
horizontal driving forces; Vut , Vuh and Vus = ultimate 
shearing force of toe, heel and stem; Vnt , Vnh and Vns 
= nominal shear strength of concrete; Mut , Muh and 
Mus = ultimate bending moment of toe, heel and stem; 
Mnt , Mnh and Mns = nominal flexural strength of 
concrete; δmax = maximum deflection at the top of the 
stem. 
 

Table 2 Failure modes of retaining wall 

 

In addition to the above mentioned constraints, the 
design variables have practical minimum and 
maximum value [7]. The lower and upper bounds of 
the design variables are summarized in Table 3. 
 
Table 3 Upper bound and lower bound for design 

variables of retaining wall 

 
 
In this study, a penalty function method is utilized to 
handle the constraints and converting a constrained 
optimization to an unconstrained one according to: 

 
1

( ) ( ) max 0, ( )
p

l
i

i

F f r g


  X X X                  (19) 

 
where, F(X) is the penalized objective function; f(X) 
is the original objective function of the problem in 
Eqs. (11) or (12); r is a penalty factor, and l is the 
power of the penalty function.  
 

VI. ILLUSTRATIVE EXAMPLE 
 
In this section, the efficiency and robustness of the 
proposed GSAPS for optimization of retaining walls 
will be investigated. The example is concern with the 
optimum design of a retaining wall with height of 
4.5m. Other input parameters for this example are: 
Height of stem=4.5 m; Internal friction angle of 
retained soil= 36º; Internal friction angle of base 
soil=34º; Unit weight of retained soil= 17.5  Unit 
weight of base soil= 18.5 kN/m3; kN/m3; Unit weight 
of concrete = 23.5 kN/m3; Cohesion of base soil= 
100kPa; Depth of soil in front of wall= 0.75 m; 
Surcharge load = 30kPa; Backfill slop= 15º; Factor of 
safety for overturning stability=1.5; Factor of safety 
against sliding= 1.5; Factor of safety for bearing 
capacity= 3.  
 
In this experiment, the parameters used for the 
algorithms are set as: population size (N) is 50, 
maximum iteration numbers (tmax) is 500, G0 and β 
are 100 and 20, respectively. The PS simulations are 
done using the MATLAB optimization toolbox. 
 
The example is solved using GSAPS and the results 
of the analyses for the optimum CO2 emissions are 
presented in Table 4. 
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Table 4 Optimization result for design example 

 
 
From the results of Table 4, it can be observed that 
the minimum CO2 emissions obtained by the GSAPS 
are lower than those evaluated by classical algorithm. 
For further verification of the results, the statistical 
analyses are carried out. The algorithms are simulated 
30 times independently and the results are recorded. 
For each method, the worst, mean, best and standard 
deviation of the results are calculated. The 
performance comparison among two algorithms  is 
presented in Table 5. 
 

Table 5 Minimization result of the wall found in 
30 independent runs with tmax= 500 

 
 
The results of Table 5 are very encouraging. In terms 
of average and minimum, the proposed GSAPS could 
provide a better solution compared with GSA. 
Furthermore, the standard deviations of the results 
obtained by GSAPS are much lower than those 

achieved by GSA indicating more stability of the new 
algorithm. 
 
CONCLUSION 
 
In this paper a hybrid global optimization algorithm 
called GSAPS has been proposed. It combines two 
search techniques: the gravitational search algorithm 
and pattern search method. Both GSA and PS are 
derivative free algorithms for global optimization, so 
the proposed GSAPS also does not require the 
derivatives of the optimized objective functions. In 
this approach, the GSA successfully searches all 
space during the initial stages of a global search. 
Then, the algorithm switches to PS for accurate local 
exploitation around the best solution and to 
complement the global exploration provided by the 
GSA. The performance of the proposed algorithm as 
a global optimization technique is investigated using 
an optimum design problem of retaining wall. For 
retaining wall optimization, the amount of embedded 
CO2 emissions is considered as the objective 
functions. The results comparison between presented 
method and classical GSA demonstrate better 
performance of the new method 
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