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Abstract- Thisarticle presents the evaluation of static and dynamic behavior of simply supported sigmoid functionally 
graded ordinary (SFGO) beam. A finite element method is used considering first order shear deformation for the 
analysis.The element chosen in the present case is different from the conventional elements in the sense that the shape 
functions of the element is obtained from the exact solution of the static part of the governing differential equation derived 
from Hamilton’s principle. Along with this the shape functions are dependent on length, material and cross-sectional 
properties ensuring better accuracy of the solution. The material properties are assumed to follow sigmoid distribution of 
power law. It is observed that an SFGO beam with lower power index is a batter beam as per as parametric instability is 
concerned. 
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I. INTRODUCTION 
 
According to material science we use composite 
materials in order to have combination of different 
mechanical properties that can’t be attained in original 
materials. Functionally Graded Material (FGM) is a 
kind a composite in which composition of constituent 
materials changes continuously with respect to spatial 
coordinates. With specific gradient the micro-
structure of material changes within the composite. 
Today’s emerging scientific researches FGM is most 
promising material for use in the aerospace, aircraft, 
automobile industries, military applications, electronic 
and bio-medical sectors. 
The spectral application area of FGM opens a wide 
scope for scientific researches, for example, K. K. 
Raju and G. V. Rao[0] obtained one term Rayleigh-
Ritz solutions for the fundamental frequency 
parameter of short beams in the presence of a 
concentrated axial load. Expressions for frequency 
parameter are presented for simply supported and 
clamped beams. They also included some numerical 
results to establish the accuracy. Yin-Hwang Lin [2] 
in his research used finite element method for 
dynamic analysis of Timoshenko beams by moving 
loads. He also included the analysis of short, sturdy 
beams and structures with higher modes being 
excited.  G.H. Paulino andZ.-H. Jin [3] in their paper 
work presented an extension of correspondence 
principle to nonhomogeneous viscoelastic solids 
under the assumption that the relaxation (or creep) 
moduli be separable functions in space and time. The 
revisited correspondence principle extends to specific 
instances of thermo-viscoelasticity and fracture of 
functionally graded materials. Chakrabortya at al[4] 
have studied about the thermostatic behaviour of 
functionally graded beam structures. They developed 
new beam element base on the first order shear 
deformation theory and exact solution of static part of 
governing differential equation by interpolating 
element formulation.J.Yang&Y.Chen[5]  have  

 
researched about free vibration and elastic buckling of 
FGM beams containing open edge cracks. They 
assumed Bernoulli–Euler beam theory and the 
rotational spring model with a detailed parametric 
study to show the influences of the location and total 
number of cracks, material properties, slenderness 
ratio, and end supports on the flexural vibration and 
buckling characteristics of cracked FGM beams. Li 
X.-F. [6] in his paper presents a new unified approach 
for analysing the static and dynamic behaviours of 
functionally graded beams (FGB) with the rotary 
inertia and shear deformation. He reduced the Euler–
Bernoulli and Rayleigh beam theories from the 
Timoshenko beam theory. He presented static result 
of deflection and stress distribution for a cantilever 
FGB..LeszekMajkut[7] proposed a new approach to 
free and forced vibration of Timoshenko beam by 
using a single differential equation which is dependent 
on vibrational frequency. MesutŞimşek[8] analysed 
about fundamental frequency of FG beam having 
different boundary conditions within the framework 
of the classical, the first-order and different higher-
order shear deformation beam theories. The frequency 
equation is obtained by using Lagrange’s equations 
and the boundary conditions of beams are satisfied 
with Lagrange multipliers. S.M.R. Khalili at al[9] 
investigated and analysed effects of material 
properties of the FG beam and inertia of the moving 
load on the dynamic behavior of the system by 
Rayleigh–Ritz method and a step-by-step differential 
quadrature method (DQM) and also, compared to the 
single-step methods such as the Newmark and Wilson 
methods with the DQM. Liao-Liang Ke et al [10] 
worked on non-linear free vibration of FGM micro-
beam structure. FGM properties are determined by 
using Mori-Tanaka homogenization technique. Mehdi 
Javid and MiladHemmatnezhad [11] have formulated 
finite element method for large amplitude vibration of 
Functionally Graded Material bems. The von 
K´arm´an type nonlinear strain-displacement 
relationship is employed where the ends of the beam 
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are constrained to move axially and the beam is 
considered as Euler-Bernoulli beam. 
Though the literatures on static and dynamic stability 
of beams are plenty, the literature on static and 
dynamic stability of functionally graded beams have 
not been reported to the best of the authors’ 
knowledge. FGM made of the mixture of turbine 
material and ceramics can be applied as a coating on 
the surface of the blade such that the surface of the 
coated blade is rich in ceramics to improve the 
performance of the blade in high temperature 
environment. The coated blade can be modeled as a 
sand witch beamfor its dynamic analysis. Similarly 
the railway lines can be made of FGM with ceramic 
rich outer fibers to improve its strength and its wear 
resistance. Also, FGM coating can be applied on the 
surface of the connecting rod of IC engine which can 
be modeled as a beam column. In the present article, a 
functionally graded sandwich beam simply supported 
at both the ends is considered for stability analysis.  
 
II. FORMULATION 
 
A functionally graded sandwich beam with core as 
FGM and surface layers as dissimilar materials is 
shown in Fig.1(a). The beam, hinged at one end and 
supported at the other, is subjected to a dynamic axial 
load   tPPtP ds  cos . Where, t is time, sP  is the 
static component, dP is the amplitude of the time 
dependent component and   is the frequency of the 
applied load  tP . The mid-longitudinal(x-y) plane is 
chosen as the reference plane for expressing the 
displacements as shown in fig. 1(b). The thickness 
coordinate is measured as ‘z’ from the reference 
plane. The axial displacement and the transverse 
displacement of a point on the reference plane are, u
and w  respectively and  is rotation of cross-
sectional plane with respect to the un-deformed 
configuration. Fig. 1(c) shows a two nodded beam 
finite element having three degrees of freedom per 
node.   
 

 
Fig. 1(a) Functionally graded sandwich beam subjected to 

dynamic axial load. 
 
The generalized displacement vector of ith element 
can be given as 

 
The equation of motion for the element subjected to 

axial force  tP can be expressed in terms of nodal 
degrees of freedom as 

          0ˆˆ  uktPkum ge
              (2.2)  

 

 
Fig. 1(b) The coordinate system with generalized forces and 

displacements for the FGSW beam element.                     
 

 
Fig. 1(c) Beam element showing generalized degrees of freedom 

for ith element. 
 
The axial load  tP  is taken as 

  tPPtP d   cos , 

so that,  PPs   and  PP dd  . P ischosen as the 
critical buckling load of a isotropic steel beam with 
similar geometrical dimensions and end conditions 
and  , d  are called static and dynamic load factors 
respectively. Considering the application of static and 
dynamic component of load in the same manner we 
have eq.(2.2) in the following form  

 
 
where,  ek ,  m  and  gk  are element elastic 
stiffness matrix, mass matrix and geometric stiffness 
matrix respectively. Assembling the element matrices 
as used in eq. (2.3), the equation in global matrix form 
which is the equation of motion for the beam, can be 
expressed as  
          0ˆcosˆ   UKtPKUM gde     (2.4) 
 
 M ,  eK ,  gK are global mass, elastic stiffness, and 

geometric stiffness matrices respectively and  Û  is 
global displacement vector. Equation (2.4) represents 
a system of second order differential equations with 
periodic coefficients of the Mathieu-Hill type. The 
periodic solutions for the boundary between the 
dynamic stability and instability zones can be 
obtained from Floquet Theory as follows. A solution 
with period 2T which is of practical importance is 
represented by considering first order expansion 
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Substituting eq. (2.5) into eq. (2.4) and comparing the 

coefficients of 
2

sin t  and 
2

cos t  terms the 

condition for existence of these boundary solutions 
with period 2T is given by 

 
 
Equation (2.6) represents an eigen value problem for 

known values of , d , and P . This equation 
gives two sets of eigen values   binding the regions 
of instability due to the presence of plus and minus 
sign. The instability boundary can be determined from 
the solution of the equation 

        0
4

2/
2

  MKPK gde     (2.7) 

 
A. Free vibration: 

When  =0, d =0, and 
2


 , eq. (2.7) is reduced 

to a problem of free vibration as 

 
 
The solution of eq. (2.8) gives the value of natural 
frequencies    
 
B. Static stability: 
When  =1, d =0, and 0 , eq. (2.7) is reduced 
to the problem of static stability as 

 
 
The solution of eq. (2.9) gives the values of buckling 
loads. 
 
C. Regions of instability: 

1 , the fundamental natural frequency and P  the 
critical buckling load of an isotropic steel beam with 
similar geometrical dimensions and end conditions are 
calculated from eq. (2.8) and eq. (2.9) 

respectively.Choosing 
1

1


 







 
 , eq. (2.7) can be 

rewritten as 

 
 
The solution of eq. (2.10) will give two sets of values 
of 








 

1
 for the givenvalues of  , d , P , and 1 . 

The plot between d  and 







 

1
will give the regions 

of dynamic instability. 
 

III. ELEMENT MATRICES 
  
The element matrices for the sigmoid functionally 
graded sandwich (SFGSW) beam element are derived 
as proposed by Chakraborty et al [4]. Moreover the 
same element can be used for the analysis of a 
functionally graded ordinary beam by making the 
thickness of the skins equal to zero. 
 
A. Shape functions: 
The displacement fields according to first order shear 
deformation beam theory[14] is expressed as  

 
 
The cross-sections are assumed to remain plane after 
the deformation. 
The longitudinal and shear strains are respectively.  

 
 
where

x
w

  is the slope of the deformed longitudinal 

axis 
The stress-strain relation in matrix form can be given 
by 

 
 
Where xx  is the normal stress in longitudinal 

direction and xz is shear stress in x-z plane, )(zE is 

Young’s modulus and )(zG  is shear modulus and 

sk  is the shear correction factor. 
The material properties of the FGM that varies along 
the thickness of the beam are assumed to follow 
power law with sigmoiddistribution which is given by 
the following expression. 

 

 
 
Where, )(zR  denotes a material property such as, E
,G ,   etc., tR  and bR denote the values of the 
properties at topmost and bottommost layer of the 
beam respectively, and n is an index. It is assumed 
that T iskinetic energy and S is strain energy of the 
beam element. 

dAdx
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The governing differential equation can be derived by 
applying Hamilton’s principle which states that 
 

 
The shape functions for the displacement field for 
finite element formulation are obtained by solving the 
static part with the following consideration. 
 

 
 
The assumed displacement field as per(3.9) has a total 
of 10 constants to be determined. But we have six 
boundary conditions (No of nodes 2x3 degree of 
freedom per node=6) to be applied for the 
determination of the constants ‘a’. Therefore 4 
constants are to be expressed in terms of the other 6 
constants. 
 
B. Element elastic stiffness matrix: 
The general force boundary conditions for the element 
can be given as 

 
 
where, xN , xV , xM are axial force, shear force and 
bending moment respectively acting at the boundary 
nodes. 
The load vector can be expressed as  

 
 
By substitution of  x=0 and x=l into eq. (3.19) we can 
have 

 
 
where,  ek  is the required element elastic stiffness 
matrix. 
 
C. Element mass matrix: 
The element mass matrix is derived by substituting 
eq. (3.9) into eq. (3.6). 

 
 
D. Element geometric stiffness matrix: 
The work done by an axial load P can be expressed 
as 

 










l

p dx
x
wPW

0

2

2
1

    

    

    ukuP
g ˆˆ

2
    (3.14)  

 
IV. RESULTS AND DISCUSSION 
 
The simulation is carried out for a simply supported 
pinned- pinned beam. An SFGO beam with steel and 
aluminium as its constituent phases is considered for 
the analysis . 
 
4.1 Validation of the formulation:  
The Sigmoid functionally graded sandwich (SFGSW) 
beam becomes SFGO beam when the thicknesses of 
the skins are made equal to zero. The present result is 
in good agreement with that of Li(6).The dimensions 
of SFGO beams are, Length, L=1m, breadth, 
b=0.1m.The thickness (h) of the beam is chosen 
according to various slenderness parameter (L/h 
ratio). 
Figure-2.1 shows how the Young’s moduli of the 
functionally graded material vary as per sigmoid 
distributionalong the thickness of the beam. The beam 
is aluminium-rich bottom. 
 

 
Fig-2.1 variation of young’s modulus 

 

 
Fig-2.2(a) the variation 1st mode natural frequency with power 

index 
 
In figure-2.2(a) it is observed that 1stmode frequency 
goes on decreasing with increase of the power index.  
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Fig -2.2(b)2ndmodefrequency w.r.t. power index 

 
Figure-2.2(b) shows the variation of 2ndmode 
frequency with power index. A similar kind of result 
is found as in case of 1st mode frequency. 
 

 
Fig-2.3(a)- effect of slenderness parameter on 1stMode 

frequency of SFGO beam 
 

 
Fig-2.3(b)-2nd mode frequency influenced by slenderness 

parameter 
 
The figure-2.3(a) & 2.3(b) shows the graph of 1st 
fundamental frequency verses L/h ratio and 2nd 
fundamental frequency verses L/h ratio respectively. 
We can notice that in both the figures with increase in 
L/h ratio frequency decreases.    
 

 
Fig-2.4 effect of steady load on dynamic stability of SFGO beam 
 

In Figure-2.4 we observe that by increasing steady 
load instability shifts towards origin and instability 
region increases . 
 

 
Fig-2.5 effect of power index on stability diagram 

 
In Figure-2.5 the stability with slenderness ratio of 4 it 
is observedthat. 1stmode frequency is almost same and 
varies at a smaller rate for all index but 2nd mode 
frequency variation is more prominent and leads to 
instability of SFGO beamwith increase in power-
index 
 

 
Fig-2.6- influence of Slenderness parameter of parametric 

stability of SFGO beam 
 
The above figure-2.6 shows stability diagram of 
different slenderness parameters superimposed to 
compare the deviation of fundamental frequency of 
the beam. From observation we found that with 
increase in slenderness parameters is the critical 
whirling frequency decreases. The range of instability 
also increases with increase in slenderness parameters. 
The 1st mode frequency and 2nd mode frequency 
shown in figure gives the variation clearly and 
variation increases in 2nd mode w.r.t. first mode. 
 

 
Fig-2.7(b)influence of Buckling load with diff power index 
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From figure-2.7 we can observe that increase in power 
index influence buckling load by decreasing its value. 
 

 

Fig-2.7(a)Effect of Buckling load with slenderness parameter 
By plotting buckling load with different slenderness 
parameters we found that by increasing slenderness 
parameter a lesser buckling load is required to buckle 
the beam. The table below shows different buckling 
load values with slenderness parameter and power 
index.  
 

 
Table-1 

 
 
CONCLUSION 
 

1. After a rigorous study, careful analysis, 
calculations &observations, we got finally the 
following conclusions. 

2. The 1st and 2nd mode natural frequency as well as 
the critical buckling load decreases with increase 
in power index. 

3. The higher power index renders more instability 
to SFGO beam for the principle as well as the 2nd 
mode instability zone. The effect is more 
prominent in case of 2nd mode instability region. 

4. More the beam become slender more is the 
probability  of dynamic  instability for the beam 
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