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Abstract-The cryptography refers to the design and analysis of mathematical techniques that enable to provide high level 
secure communication.The number of cryptographic algorithms aretryingto afford a higher level security. The Elliptic Curve 
Cryptography (ECC) has now gained widespread exposure and acceptance. This paper is to analyze the set of elliptic 
curvesused in cryptography, which includes elliptic curve from Weirestrass,Edwards curve and hessian curve. These curves 
are defined over prime fields. The projective coordinate system allows enhancing the performance of arithmetic operations. 
This analysis gives the best unified and complete addition formulas for secure communications that is based on the 
performance and security perspective. 
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I. INTRODUCTION: 
 
The cryptographic algorithmsis an important role to 
ensure confidentiality, integrity, authentication, and 
non- repudiation of the transmitted data. ECC has a 
number of advantages over other public-key 
cryptosystems, such as RSA, which make it an 
attractive and alternative to the security. In particular, 
for a given level of security, the size of the 
cryptographic keys and operands involved in the 
computation of EC cryptosystems is normally much 
shorter than other cryptosystems[6].  
 
This is an advantageous condition, especially for 
applications where resources such as memory and/or 
computing power are limited. Among these 
applications the mobile computing area, with its ever 
increasing deployed base, is of extreme interest.The 
unified point addition formula is useful for resisting 
attacks in elliptic curve cryptography. Furthermore, if 
the unified formula is complete, which means it is 
valid for any two points, then there are no exceptional 
cases to be described particularly. This feature is 
especially preferable for elegant codes of elliptic 
crypto-algorithms. Therefore, the unified and also 
complete point addition formula can provide the 
advantage for good security and convenient 
implementation. 
 
In this paper, exploit sufficient and necessary 
condition for the existence of unified and complete 
point addition formula on several known elliptic 
curve models such as Weierstrass, Edward curve  and 
Hessian curve.Koblitz and Miller were the first to 
show that the group of rational points on an elliptic 
curve E over finite field Fq (prime field) which can be 
used for the discrete logarithm problem in a public-
key cryptosystem.The projective coordinates systems 
have been studied to improve the efficiency and 
speed of the group law mainly for addition and 
doubling. 

 
Projective Coordinate: 
Standard Projective Coordinates are used to represent 
elliptic curve points on prime curves y2 = x3 + ax + b. 
Their usage might give a speed benefit over Affine 
Coordinateswhen the cost for field inversions is 
significantly higher than field 
multiplications.In StandardProjectiveCoordinates the 
triple (X, Y, Z) represents the affine point (X / Z, Y / 
Z). 
Let (X1, Y1, Z1) be a point represented 
in StandardProjectiveCoordinates and (X2, Y2) a 
point in AffineCoordinates (both unequal to the point 
at infinity). A formula to add those points can be 
readily derived from the regular standard projective 
point addition by replacing each occurrence of "Z2" 
by "1" (and thereby dropping three field 
multiplications). 
 
Why use projective coordinates? 
Projective coordinates are often used to represent 
points on an elliptic curve. This is useful for two 
reasons. It provides an easy way to represent the 
point O on an elliptic curve using the same coordinate 
system that all of the other points use. It also may be 
more efficient to do operations on projective 
coordinates than on the usual, or affine, coordinates. 
The representation of two points x1 and x2 we can 
write them in projective coordinates as 
x1 = X1/Z1or(X1,Z1)andx2 = X2/Z2or(X2,Z2) 
 
To calculate x1/x2  use the projective coordinates to 
find that 
x1/x2 = (X1/Z1) / (X2/Z2)= X1Z2 / X2Z1 
Which we can write as(X1Z2, X2Z1)in projective 
coordinates. 
Calculation of  x1/x2 without using any division 
operations can be performed..The  division operations 
can be a useful way to avoid using the more 
expensive operation. 
There are actually more than one way to define 
projective coordinates in a useful way for points on 
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elliptic curves. The most common way writes an 
affine pointP = (x,y)as the projective point 
P' = (X,Y,Z)wherex = X/Zandy = Y/Z 
This form of projective coordinates also has the 
advantage that division operations on coordinates can 
be implemented without using any division 
operations. Whether or not it's actually preferable to 
using affine coordinates depends on exactly how fast 
additions, subtractions, multiplications and divisions 
are on a particular platform. 
 
II. ELLIPTIC CURVE CRYPTOSYSTEM 
 

 The elliptic curve derived from Weierstrass 
equation, which Published on 18th July 1872. 

 Edward curve is the family of elliptic curve. 
Came into existence 2007 by Harold 
Edwards. 

 Hessian curve is a plane curve similar 
to folium of Descartes, named by Otto 
Hesse.[8] 

 
Weierstrass formulation of  elliptic curves: 
From the mathematical standpoint, an elliptic curve is 
the solution set to the bivariate polynomial equation 
f(x,y)=0,Where f(x,y) is of total degree 3, and f(x,y)is 
irreducible. 
 In cryptography consider particular equations and 
particular (finite) fields over which curves are 
defined. The points on the curve form a commutative 
group. What makes elliptic curves, particularly 
attractive for cryptographic applications [8], [9] is 
that the discrete logarithm problem in elliptic curve 
groups is computationally hard. Moreover, it is 
“harder” than in groups, previously considered, 
thereby allowing shorter key lengths. 
An elliptic curve Eab defined over a prime field Fp 
(with p > 3) can be written in the simplified 
Weierstrass form as Eab(Fp) : y2=  x3 + ax + bWhere 
a,b ∈ Fp 
Unified formula: 
The coordinates of P3are given byx3=  λ2-x1-x2 , 
 y3 = λ(x1-x2) – y1 
Completeness: 
The unified Eqcannot be complete, Since P1 = -
P2exceptional case. Moreover,  there is no unified and 
complete point addition formula onWeierstrass 
curves. 
Edward formulation for elliptic curve: 
An Edward curve Ed defined over a prime field field 
Fp (with p > 3) can be written in the elliptic curve 
normal form as 

Ed(Fp) : x2 + y2 = c2(1+ dx2y2) 
Where c,d ∈ Fp 
Unified formula: 
The coordinates of P3are given by     

 
Completeness: 
Proved if d in non-square,then the unified Eq is 
complete. 
Hessian formulation for elliptic curves: 
The hessian curve proposes the family of generalized 
Hessian curves with efficient, unified addition 
formulas for the purpose of safety transmission of 
information.A hessian curve Hd defined over a field F 
is given by the cubic equation 
 
Hd : x3 + y3 +1 = dxy Where d ∈ F. 
The addition formula for hessian curve is    
X3 = X2Y1

2Z2 − X1Y2
2Z1, 

Y3 = X1
2Y2Z2− X2

2Y1Z1, 
Z3 = X2Y2Z1

2−X1Y1Z2
2. 

It is not valid for doubling, but doubling can be done 
with the below formula by rearranging the 
coordinates as follows2(X1 : Y1 : Z1) = (Z1 : X1 : Y1) + 
(Y1 : Z1 : X1). 
 
But this addition formula is not suitable for doubling, 
so this gives a weakly unified formula. 
Farashahi and Joye present fast and efficient, unified 
addition formulas for generalized Hessian curves. 
 The generalized hessian curve Hc,d, over a field F 
defined by the equation X3 + Y3 + cZ3 = Dxyz Where 
c,d ∈ Fp 
 
Unified formula: 
The coordinates of P3are given by 

 
Completeness: 
The unified addition formulas are complete for many 
generalized Hessian curves, i.e., the addition formulas 
work for all pairs of inputs, but there are some 
exceptionalcases where the formulas fail to give the 
output, soit is incomplete. In particular, the group of 
F-rational points on a generalized hessian curve has 
completed if and only if c is not a cube in F. 

Table1: Formula completeness based on the performance 
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III. PROJECTIVE COORDINATE SYSTEM 
 
ECC implementations may be viewed in several 
layers. At the point level, multiple point additions and 
point doubling operations are the main operations in 
scalar multiplication. Each point addition and 
doubling involves a number of elementary modular 
arithmetic operations. Modular addition and 
subtraction are relatively straightforward to 
implement. At the arithmetic level, the 
implementation of the modular inversion is the most 
costly operation. Projective Coordinate System 
avoids the inversion operation at a cost of increased 
number of field multiplications and additions. 
 
 
TABLE 2: Cost of addition formulas for different 
families of elliptic curves in projective coordinate 

system: 

 
 
As table 2 shows, the generalized hessian curve 
provides the fastest addition formulas for the elliptic 
curve cryptography. 
 
CONCLUSION 
 
Thus the comparison between the three curves, 
Weierstrass curve, Edward curve, Hessian curve have 
been analyzed based on the unified addition formulas 

and projective coordinates. It shows that the Hessian 
curve gives the best level of security attacks.The 
arithmetic in Hessian  curve representation is faster 
and needs less memory than arithmetic in standard 
Weierstrass form. 
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