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Abstract- Since error surface of digital IIR filter is a multimodal function, so optimization techniques which provides the 
global minima is required. In this paper, hybrid technique with differential evolution (DE) method as a global search 
technique and binary successive approximation (BSA) based evolutionary search method as a local search technique is 
proposed. Evolutionary search is used for the exploration and pattern search method for exploitation. The opposition based 
learning strategy is applied to start with a good population. Migration strategy is applied to maintain the diversity in the 
population. The above proposed hybrid technique has been applied effectively to solve the multi-parameter optimization 
problem of higher order band-pass stable digital IIR filter design. The obtained results prove that the proposed technique is 
better than or comparable to other algorithms used by other researchers. This technique can also be applied to design low 
pass, high pass and band stop IIR filters. 
 
Index Terms- Digital IIR filter, Hybrid heuristic search technique, Differential evolution (DE) method, Binary successive 
approximation (BSA). 
 
I. INTRODUCTION 
 
Signals are generally classified into two categories, 
namely, continuous-time and discrete-time signals. 
Digital signal processing is a numerical manipulation 
of discrete-time signal data. Filtering is an essential 
part of signal processing for different applications 
such as telecommunications, consumer electronics, 
speech processing, image processing, industrial ap-
plications, military electronics and biomedical sys-
tems. Digital filters are used to remove frequencies in 
certain range of the spectrum of the signal. Digital 
filters are reliable, flexible, and versatile as compared 
to analog filters. Digital filter can be implemented in 
hardware or through software and are capable of per-
forming real time or off-line signal processing. The 
sampled values of input signal and the coefficients of 
transfer function of the digital filter can easily stored 
in the memory [12, 21]. Based upon the unit impulse 
response of the system, digital filter are classified as 
infinite impulse response (IIR) filter and finite im-
pulse response (FIR) filter. Digital IIR filter can be 
designed by two techniques: transformation technique 
and optimization technique. In transformation tech-
nique, analog IIR filter is designed and then trans-
formed into digital IIR filter. In optimization tech-
nique, magnitude error and ripple magnitude of pass-
band and stop-band have been minimized as an objec-
tive function. But IIR filter may become unstable 
during optimization process due to its multimodal 
error surface. During optimization process, the sta-
bility of the filter can be obtained by limiting the pa-
rameter space in a suitable range. Gradient based al-
gorithm may stick in local minima and may not con-
verge to global minima due to multimodal error sur-

face of IIR filter [20]. In order to overcome this prob-
lem and to find the global minima, global optimiza-
tion techniques like genetic algorithm (GA) [3], diffe-
rential evolution (DE) [7], particle swarm optimiza-
tion (PSO) [5] artificial bee colony (ABC), predator 
prey optimization (PPO) etc. have been used by the 
researchers [4,10,11,16,19,20,22,23] to design stable 
digital IIR filters. In this paper, a hybrid technique 
that uses differential evolution (DE) method as a 
global search technique and binary successive ap-
proximation (BSA) based evolutionary search method 
as a local search technique is proposed to design digi-
tal IIR filter. The opposition based learning strategy 
is applied to have a good initial population. To main-
tain the diversity in the population, migration strategy 
has also been applied. 
 
II. IIR FILTER DESIGN PROBLEM 
 
Digital IIR filter design problem involves the deter-
mination of filter coefficients which meet various 
specification of the filter. These specifications are 
classified as (i) pass-band width and gain, (ii) stop-
band width and attenuation, (iii) edge frequencies of 
pass-band and stop-band and (iv) peak ripples in 
pass-band and stop-band.  
Cascaded type of digital IIR filter has been consi-
dered as a design problem. It has several first order 
and second order sections together [6, 8]. Mathemati-
cally, the structure of cascading type IIR filter is 
stated below [4]: 

H(ω, x) = A
1 + a e
1 + b e  
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×
1 + p e + q e
1 + r e + s e 																									(1) 

where 
x =
[A, a ,b ,
. . . a , b , p , q , r , s , .		 . , p , q , r , s ] 			(2)                         
Vector x denotes the filter coefficients dimensions NV 
× 1 with NV = 2M + 4N + 1 
The coefficients of the transfer function H(ω, x) of 
desired filter are approximated. The transfer function 
is compared with the desired transfer 
tion	H (ω, x). The magnitude error function e (x) is 
derived from these two values and is given below: 

e (x) = 	 H (ω )− |H(ω , x)| 																					(3) 

Where Hd(ω i) = 1, for	ω ∈ passband
0, for	ω ∈ stopband          (4)                                    

The ripple magnitude of pass band δ (x) and of stop 
band δ (x) [2] are defined as below 

δ (x) = 	 {|H(ω , x)|} − {|H(ω , x)|}		 
																					for	ω 	ϵ	passband																																	(5)  

δ (x) = 	 {|H(ω , x)|}		for	ω 	ϵ	stopband	(6) 

Considering all these objectives, subject to the stabili-
ty criterion obtained by Jury method [1], the multi 
criterion constrained optimization problem is stated 
below: 

Minimize f (x) = 	e (x)																																							(7a) 
Minimize f (x) = 	 δ (x)																																						(7b)  
Minimize f (x) = 	 δ (x)																																						(7c) 
Subject to the following stability constraints 
1 + 	b 	≥ 0			(i = 1, 2, … , M)																													(8a) 
1−	b 	≥ 0			(i = 1,2, … , M)																														(8b)  
1−	s 	≥ 0			(k = 1, 2, … , N)																													(8c) 
1 + 	r + 	s 	≥ 0		(k = 1, 2, … , N)																			(8d) 
1−	r + 	s 	≥ 0			(k = 1, 2, … , N)																		(8e) 
The above multi criterion constrained optimization 
problem is converted into a scalar constrained opti-
mization problem by using weighted sum of above 
objective functions as: 
Minimize 

F(x) = 	 w 	× 	f (x) 																																							(9) 

Subject to the stability constraints stated by Eq.(8a) to 
Eq.(8e). wi is assigned weights to the ith objective.  
Exterior penalty method has been applied to handle 
stability constraints. The augmented objective func-
tion is given below: 

A(x) = 	 w 	× 	f (x) + R < 1 − s > 	 

+R [< 1− b > +< 1 + b > ]																(10) 

+R [< 1 + r + s > +< 1− r + s > ]	 

where R is large value of penalty parameter. 
I. OPTIMIZATION TECHNIQUE 

Differential evolution (DE) algorithm is a population 
based stochastic search technique. It is a parallel di-
rect search method which utilizes NP parameter vec-
tors of NV-dimensions. NP remains same during opti-
mization process. Initial vector population is chosen 
randomly and covers the entire search space. The 
distance and direction information from the current 
population is used to guide the further search. The DE 
algorithm follows steps like mutation, crossover, se-
lection and migration etc. [7]. The steps are explained 
below: 
A. Parameter Setting 
Parameters such as population size (NP), boundary 
constraints of each dimension of population vector 
(NV), mutation factor fm, crossover (CR) and maxi-
mum number of iterations (IT) are initially selected. 
The set of real digital IIR filter coefficients is 
represented as a population. There are NP members in 
the population each having NV coefficients. Maxi-
mum number of iterations will be the stopping crite-
rion. 
B. Initialization of an Individual Population 
Individual population is initialized with random value 
generated according to a uniform probability distribu-
tion in the NV-dimensional problem space. Within the 
given lower limt xj

min and upper limits xj
max  of the jth 

filter coefficients of the search space, the population 
vector is described as below [17]: 
x  = xj

min + rand( )(xj
max – xj

min )                                       
(11)  

 (j=1, 2, …, NV; i=1, 2, ... , NP) 
where rand( ) is an uniform random number between 
0 and 1. 
C. Opposition Based Learning 
Differential evolution (DE) algorithm starts with 
some initial random values. Convergence time and 
optimized value depends upon the initial guesses of 
population. Since, there are almost 50% chances that 
the initial guess is right. So, there is an equal chance 
that opposite guess may be may be a better solution 
[13, 15]. The opposite population is obtained using 
the following expressions. 
x = x + x − x 																																													(12)  
  (j=1, 2, …, NV; i=1, 2, ... , NP) 
where   

x =
x 			; 						t = 0																																				
min x 	; 	(i = 1, 2, … 	 , N ) 				t > 0

					(13)    

 

x =
x 			; 						t = 0																																				
max x 	; 	(i = 1, 2, … 	 , N ) 				t > 0

				(14)    

(j=1, 2, …, NV) 
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The opposition strategy has also been applied during 
progressive iterations. 
A. Mutation Operator 
Mutation is an operator where weighted difference of 
two or more randomly selected population vectors is 
added to another vector to generate new vector Z . 
There are ten variations of differential evolution algo-
rithm strategies (MS-1 to MS-10) [17] that can be 
used for optimization as described below:  
Z = x + f x − x 																															(15)  
Z = x + f x − x 																													(16)  
Z = x + f x − x + f x − x 	(17)  
Z = x + f x + x − x − x 				(18) 
Z = x + f x + x − x − x 		(19)   
Z = x + f x − x 																																			(20)    
Z = x + f x − x − x − x 									(21) 
Z = x + f x − x + f x − x 	(22)  

Z = x + f x + x − x − x 									(23) 
Z = x + f (x − x )                               (24) 
(j=1,2, . . . . . ,  NV; i=1,2,. . . . . . , NP) 
where R  is random index of population and f  is the 
mutation factor ∈	[0 2]. 
B. Crossover Operation 
In order to increase the diversity, crossover is intro-
duced. In this operation a trial vector is generated by 
replacing certain parameters of target vector by the 
corresponding parameters of mutant vector [7]. 
Trial vector is produced by combining target vector 
X = x , x , … , 	x  with mutant 	Z   as shown 
below 
U = U , U , … , U 																												(25)  
where 

U =
Z 			if(randb(j) ≤ CR		or	j = rnbr(i)
x 					if(randb(j) > CR		or	j ≠ rnbr(i)

	 (26) 

CR is the crossover rate ∈	[0 1]. randb(j) is the jth  
evaluation of a uniform random number generator 
with outcome ∈	[0 1]. rnbr(i) is a randomly chosen 
index ∈	{1,2, . . . . NV } which ensures that U  gets 
at least one parameter from Z . 
C. Selection  
To decide whether or not the newly produced 
offspring should become a member of next genera-
tion; the trial vector U  is compared with the target 
vector x   using greedy criterion [14]. If f denotes the 
objective function under minimization, then 
x =

	
U 			(j = 1,2, … 	 , N ) ∶ 	if	f(U ) < f(x )

x 			(j = 1,2, …	 , N ) ∶ 	otherwise												(27)
   

where (i=1,2, . . . . , NP) 
D. Exploratory Move 
In exploratory move, the current point is perturbed in 
all possible directions for each variable one at a time 
to find the best point. The present point is changed to 
the best point after each perturbation. At the end of 
all variable perturbations, if the point found is differ-

ent from the original point, the exploratory move is a 
success; otherwise, the exploratory move is a failure. 
In evolutionary method, 2  feasible solutions are 
generated for NV number of filter coefficients. An NV 
dimensional hypercube of side Δ is formed around 
the point x . Where x 	represents the coefficients of 
IIR filter. The better solution is obtained by evaluat-
ing the objective function of the IIR filter at each 
corner of the hypercube. Another hypercube is 
formed around the current better point and the itera-
tive process is continued. All the corners of the 
hypercube represented in the NV bit binary code, are 
explored for better results simultaneously.  Table 1 
shows the coefficient pattern for 3-coefficient digital 
IIR filter where 3 bit binary code is used to represent 
the 8 corners of the three dimensional hypercube 
(Figure 1). The decimal serial numbers of the hyper-
cube are changed into their respective binary codes. 
The deviation from the current center point is ob-
tained by replacing 1’s of the code with +Δ and 0’s 
with -Δ. With the increase in number of coefficients 
of the IIR filter, the number of hypercube corners 
increase exponentially and the process becomes time 
consuming [18]. 
 

Table 1: Coefficient vector at the corners of hypercube

 
 

 
Figure 1: Three dimensional hypercube representing corners in 

decimals 
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A. BSA Strategy 
To reduce the computational time, binary successive 
approximation (BSA) strategy is used to explore the 
optimal solution. BSA strategy to search for the op-
timal solution is elaborated in Figure 2, where solu-
tion procedure moves towards the optimal solution by 
comparing two solutions at a time represented by the 
two corners of the hypercube [18]. 
This process is repeated till all the corners of the 
hypercube are explored and the overall minimum is 
selected to find the new centre point for the next ite-
ration. When the last element of C  vector contains 
one of the last branch of BSA tree is reached, which 
ensures that all corners of hypercube are explored, the 
procedure is terminated. In BSA method, the number 
of computations is reduced by large amount. As ela-
borated in Table 2. 
 

 
Figure 2:   BSA for 3-bits code 

 
Table 2: Comparison of number of function evaluations 

 
 

B. Pattern Move 
The pattern move is designed to use the information 
obtained in the exploratory move. It finds the mini-
mization of the function by moving in the established 
pattern direction. A new point is calculated by jump-
ing from the current best point x  along the direction 
connecting the previous best point x  and the cur-
rent best point and is explained below [18]: 
x = x + η x − x 			(j = 1, 2, ..., N )							(28)	 

where η is an accelerating factor and is a random 
number lies between 0.5 and 2.0. If the pattern move 
does not improve the solution, the pattern move is not 
accepted and the extent of exploratory move is re-
duced. 
C. Migration 
With the progress of iterations, the population diver-
sity decreases rapidly, which causes the decrease in 
exploration of search space and algorithm may stick 
in local minima. Due to this, clustered individuals are 
unable to reproduce newly better solution by muta-
tion and crossover. To increase the exploration of 
search space, the migration operation is applied. It 
also decreases the selection pressure for a small popu-
lation. The jth gene of ith individual is randomly rege-
nerated as below [9]: 
 
x

=
x + R x − x 		if		δ <

x − x
x − x

		

x + R x − x 		if		otherwise				(29)	
 

where x  is the best individual. R  and 	δ are uni-
form random numbers. 
 
III. DESIGN OF BAND-PASS (BP) IIR FILTER 
 
All the ten different mutation strategies (MS-1 to MS-
10) have been used to design cascaded form of digital 
IIR band-pass filter with higher order. The filter order 
is varied by varying the values of M and N in Eq.(1). 
The values of M has been kept as 0 (zero) and N has 
been varied from 3 to 18. So the band-pass filter has 
been designed for order 6 to 36. The range of pass-
band has been taken as 0.4 ≤ ω ≤ 0.6π and range of 
stop-band has been taken as 0 ≤ ω ≤ 0.25π, 
0.75π ≤ ω ≤ π respectively 
To design digital IIR filter, 200 evenly distributed 
points are set in the frequency span [0, π], so that the 
number of discrete frequency points in Eq. (3) are 
143 for BP filters in the prescribed pass-band and 
stop-band range. In the proposed approach for design-
ing BP digital IIR filters, the population has been 
taken as 50. The rate of opposition has been kept at 
0.6. The mutation factor fm and crossover rate has 
been taken as 0.85 and 0.1 respectively. The explora-
tory move has been repeated 20 times. The maximum 
number of iterations has been taken as 100. The algo-
rithm was run for 100 generations for each mutation 
strategy and for each order of the filter. The best re-
sults obtained from the ten mutation strategies are 
shown in the Table 3. Out of these ten implemented 
mutation strategies, it is observed that MS-7 mutation 
strategy with M equal to 0 (zero) and N equal to 18 
and filter order 36 gives the best result. The results 
obtained from MS-7 strategy are better than the re-
sults given by Tang et al. [8], Tsai et al. [14], Kaur et 
al. [22] and Singh et al. [23] shown in Table 4. The 
coefficient of band-pass digital IIR filter having order 
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36 designed with mutation strategy MS-7 are given in 
Table 5. 
 

Table 3: Results for Higher Order IIR BP Filter 

 
 

Table 4 Results for IIR BP Filter by Previous Researchers. 

 

Table 5: Band Pass Higher Order Filter Coefficients 

 
 

 
Figure 3: Magnitude verses iterations Graph for BP filter using 

MS-7 
 

 
Figure 4: Frequency Response of BP filter using MS-7     
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Figure 5: Pole-Zero plot of BP filter using MS-7 

 
The magnitude error verses iterations graph is shown 
in Figure 3. The frequency response of band-pass 
filter with order 36 designed by MS-7 mutation strat-
egy is shown in Figure 4. The pole zero plot of the 
above filter is depicted in Figure 5. The entire poles 
lie within the unit circle shows that the designed filter 
is stable. The MS-7 strategy gives minimum value of 
magnitude error as 0.150042 with average and maxi-
mum value as 0.74172243 and 2.716444 respectively 
having standard deviation of 0.42806074 for design 
of digital IIR filter of order 36. The value of standard 
deviation is less than 1, shows that the applied algo-
rithm is robust. 
 
CONCLUSION 
 
This paper proposes the design of digital IIR filter by 
using hybrid heuristic search technique having diffe-
rential evolution algorithm with opposition based 
strategy for global search optimization and binary 
successive approximation algorithm for local search. 
As shown through results, the proposed method 
works well with arbitrary random initialization. 
Therefore proposed technique is a useful tool for digi-
tal IIR filter design. On the basis of the results ob-
tained by this method, it can be concluded that the 
proposed hybrid heuristic search technique gives bet-
ter performance in terms of magnitude approximation 
as compared to the PPO and GA methods. So the 
proposed hybrid heuristic search technique, a unique 
combination of global search method and exploratory 
search method yields a powerful option for design of 
digital Band-Pass IIR filter and can be effectively 
used to design LP, HP and BS IIR filters also. 
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