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Abstract- In this paper, we present a design methodology based on the work by Margaliot for the design of Stable Mamdani 
Type-2 Fuzzy Logic Controllers (FLC). To ensure the stability on the control system and proving the robustness of the 
corresponding fuzzy controller, we use the fuzzy Lyapunov synthesis to build a stable type-1 Fuzzy Logic Control System,  
and then we make an extension from a type-1 to a type-2 Fuzzy Logic Control System, for a Nonlinear Plant, in this case, the  
Inverted Pendulum. The same criterion can be used either linear or nonlinear plants. 
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I. INTRODUCTION 
 
Stability has been one of the central issues concerning 
fuzzy control since Mamdani’s pioneer work [2]. 
Most of the critical comments to fuzzy control are 
due to the lack of a general method for its stability 
analysis.   
 
But as Zadeh often points out, fuzzy control has been 
accepted by the fact that it is task-oriented control, 
while conventional control is characterized by set 
point-oriented control, and hence do not need a 
mathematical analysis of stability. And as Sugeno 
says, in general, in most industrial applications, the 
stability of control is not fully guaranteed and the 
reliability of a control hardware system is considered 
to be more important than the stability.   
 
Fuzzy logic controllers (FLC’s) are one of useful 
control schemes for plants having difficulties in 
deriving mathematical models or having performance 
limitations with conventional linear control schemes. 
Error  e  and change of error are the most used fuzzy 
input variables in most fuzzy control works, 
regardless of the complexity of controlled plants. 
Also, either control input u (PD type) or incremental 
control input u  (PI ype) is typically used as a fuzzy 
output variable representing the rule consequent 
(“then” part of a rule).   
 
The success of fuzzy control, however, does not 
imply that we do not need a stability theory for it. 
Perhaps the main drawback of the lack of stability 
analysis would be that we cannot take a model-based 
approach to fuzzy control design. In conventional 
control theory, a feedback controller can be primarily 
designed so that a closed-loop system becomes stable. 
This approach of course restricts us to set-point 
oriented control, but stability theory will certainly 
give us a wider view on the future development of 
fuzzy control. Therefore, many researchers have 
worked to improve the performance of the FLC’s and 

ensure their stability. Li and Gatland and proposed a 
more systematic design method for PD and PI-type  
FLC’s. Choi, Kwak and Kim presents a single-input 
FLC ensuring stability. Ying present a practical 
design method for nonlinear fuzzy controllers, and 
many other researchers have results on the matter of 
the stability of FLC’s. The type-1 FLCs (designed 
using human experience or using learning 
mechanisms) have the common problem that they 
cannot fully handle or accommodate for the linguistic 
and numerical uncertainties associated with changing 
and dynamic unstructured environments as they use 
precise type-1 fuzzy sets. Type-1 fuzzy sets handles 
the uncertainties associated with the FLC inputs and 
outputs by using precise and crisp membership 
functions that the user believes capture the 
uncertainties. Once the type-1 membership functions 
have been chosen, all the uncertainty disappears, 
because type-1 membership functions are totally 
precise.  
 
A type-2 fuzzy set is characterized by a fuzzy 
membership function, i.e., the membership value (or 
membership grade) for each element of this set is a 
fuzzy set in [0, 1], unlike a type-1 fuzzy set where the 
membership grade is a crisp number in. The 
membership functions of type-2 fuzzy sets are three 
dimensional and include a footprint of uncertainty, it 
is the new third dimension of type-2 fuzzy sets and 
the footprint of uncertainty that provide additional 
degrees of freedom that make it possible to directly 
model and handle uncertainties. The type-2 fuzzy sets 
are useful where it is difficult to determine the exact 
and precise membership functions.   
 
This work is based on Margaliot’s results, we use the 
Margaliot criterion to built an Stable Type-2 Fuzzy 
Logic Controller for a Nonlinear Plant, in this case, 
the Inverted Pendulum. The same criterion can be 
used either linear or nonlinear plants. This paper is 
organized as follows: In Section II we present an 
introductory explanation of type-1 and type-2 FLC. In  
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Section III we extend the Margaliot result to build a 
general rule base for any type (1 or 2) of FLC. 
Simulation results are presented in Section IV and the 
concluding remarks are collected in Section V.  
  
II. FUZZY LOGIC CONTROLLERS   
 
A. Type-1 Fuzzy Logic Control   
Type-1 FLCs are both intuitive and numerical 
systems that map crisp inputs to a crisp output. Every 
FLC is associated with a set of rules with meaningful 
linguistic interpretations, such as  
 

 
 

 
 
A Fuzzy Logic System (FLS) as the kernel of a FLC 
consist of four basic elements (Figure. 1): the type-1 
fuzzyfier, the fuzzy rule-base, the inference engine, 
and the type-1 defuzzifier. The fuzzy rule-base is a 
collection of rules in the form of Rl, which are 
combined in the inference engine, to produce a fuzzy 
output. The type-1 fuzzyfier maps the crisp input into 
type-1 fuzzy sets, which are subsequently used as 
inputs to the inference engine, whereas the type-1 
defuzzyfier maps the type-1 fuzzy sets produced by 
the inference engine into crisp numbers.   
 
Fuzzy sets can be interpreted as membership 
functions uX that associate with each element x of the 
universe of discourse, U, a number uX (x) in the 
interval [0, 1]: uX :U →[0,1].    
 

 
 
B.  Type-2  Fuzzy Logic Control   
As the type-1 fuzzy set, the concept of type-2 fuzzy 
set was introduced by Zadeh as an extension of the 
concept of an ordinary fuzzy set.   
 
A FLS described using at least one type-2 fuzzy set is 
called a type-2 FLS. Type-1 FLSs are unable to 
directly handle rule uncertainties, because they use 

type-1 fuzzy sets that are certain. On the other hand, 
type-2 FLSs, are very useful in circumstances where 
it is difficult to determine an exact, and measurement 
uncertainties.  It is known that type-2 fuzzy set let us 
to model and to minimize the effects of uncertainties 
in rule-based FLS. Unfortunately, type-2 fuzzy sets 
are more difficult to use and understand that type-1 
fuzzy sets; hence, their use is not widespread yet.  
  
Similar to a type-1 FLS, a type-2 FLS includes  type-
2 fuzzyfier,  rule-base,  inference engine  and 
substitutes the defuzzifier by the output processor. 
The output processor includes a type-reducer and a 
type-2 defuzzyfier; it generates a type-1 fuzzy set 
output (from the type reducer) or a crisp number 
(from the defuzzyfier). A type-2 FLS is again 
characterized by IF-THEN rules, but its antecedent of 
consequent sets are now type-2. Type-2 FLSs, can be 
used when the circumstances are too uncertain to 
determine exact membership grades. A model of a 
type-2 FLS is shown in Figure 2.  
 

 
 
In the case of the implementation of type-2 FLCs, we 
have the same characteristics as in type-1 FLC, but 
we now use type-2 fuzzy sets as membership 
functions for the inputs and for the outputs. Figure.3 
shows the structure of a control loop with a FLC. 
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mc is  the  mass  of  the  cart, m is  the  mass  of  the  
pole, 2l is the pole  length,  and u is  the  applied  
force  (control).  In the  simulations  that  follow  we  
chose: mc =  0.5 kg,  m =  0.2kg, g=9,8 and l = 0.3m. 
 

 
 

To apply the fuzzy Lyapunov synthesis method, we 
assume that the exact equations are unknown ant that 
we have only the following partial knowledge about 
the plant (see Figure. 4): 
 

 
 
Our objective is to design the rule-base of a fuzzy 
controller u=u(x1, x2) that will balance the inverted 
pendulum around its upright position x1=x2=0. We 
choose:    
 

 

 

 
Fig. 5. Inputs / Output sets of the type-1 FLC. 

 
TABLE 1 CHARACTERISTICS OF THE MFS OF 

THE INPUTS AND OUTPUT OF THE TYPE-1 
FLC 

 
 

In the type-2 FLC, for each input we defined three  
type-2 fuzzy gaussian membership functions: 
negative, zero, positive. In this case the fuzzy 
membership functions have uncertain mean and fixed 
standard deviation.   
 
As can be seen in Figure 6. Table 2 shows the 
characteristics of the inputs and output of the type-2 
FLC. 
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However, using our knowledge that x2 is proportional 
to u, we can replace each x2 with u to obtain the 
fuzzy rule-base for the stabilizing controller (cf. 
Table 3):  
  

TABLE 3 
FUZZY RULE SETS OF THE TYPE-1 AND TYPE-

2  F LC 

 
 
III. SIMULATION RESULTS   
 
We are showing in Figure. 1, the feedback control 
system that was used for achieving the results of this 
paper. It was implemented in Matlab where the 
controller was designed to follow the input as closely 
as possible. The plant was modeled using equation 
(1).  The controller’s output was applied directly to 
the plant’s input. Since we are interested in 
comparing the performance between type-1 and type- 
2 FLC systems.   
 
Test 1: Using type-1 FLC: 

 

 
 

 
 

 
Fig. 8. Angulare velocity response for the type-1 FLC. 
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Fig. 10. Angle response for the type-2 FLC. 

 

 
 

 

Fig. 13. Interval type-2 fuzzy set. 
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CONCLUSIONS  
 
The Margaliot approach for the design of FLC is now 
proved to be valid for both, Type-1 and Type-2 Fuzzy 
Logic Controllers. We observed that best settling 
times was obtained using type-2 FLC, this is do to its 
capacity to hundle linguistic uncertainty, but at the 
degree of complexity in its implementation.  
Moreover, on Type-2 FLC’s membership functions 
we can perturb or change the definition domain of the 
FOU without loss of stability of the controller while 
we give appropriate parameters to the input/output 
MFs of the controller. To our example of the inverted 
pendulum, the stability holds extending the FOU on 
the domain [0,1], now we must to look for an 
explanation for this domain, a first look explanation 
can be that we used interval type-2 fuzzy sets, and 
this ones are defined in the interval [0,1].   
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