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Abstract—This paper discusses about widely used Autonomous ship models like Nomoto and predictive controllers in 
detail with MATLAB simulated results. The Constraint violation and feasibility issues of model predictive control (MPC) 
for ship heading control in wave fields is taken into account and the rudder angle of the ship is controlled. The proposed 
controller’s simulation results shows good performance of in terms of reduction in heading error and satisfying yaw velocity 
and also in actuator saturation constraints 
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I. INTRODUCTION 
 
Ship movement in waves is a six degree-of-freedom 
movement as of a rigid body’s motion in space. For 
ship maneuvering, a three degree-of-freedom plane 
motion is usually considered adequate. However, for 
high speed vessels like the container ships and oil 
tankers, turning motion induced roll is not negligible. 
Therefore a four degree-of-freedom, that includes 
surge, sway, yaw and roll motions are needed. 
Coupled nonlinear differential equations are needed 
to fully describe the complicated ship maneuvering 
dynamics, since the hydrodynamics involved in ship 
steering is highly nonlinear,. For a qualitative 
prediction capability a transfer function with simple 
model description is usually preferred.  
Since the feedback controller itself tolerates certain 
amount of modeling error, a complicated model 
might result in a controller too complicated to 
implement. The First order Nomoto model is used in 
ship steering autopilot design due to its simplicity and 
relative accuracy in describing the course-keeping 
yaw dynamics, where typically, small rudder angles 
are involved.  
Extension to a large rudder angle yaw dynamics 
based on the Nomoto model has been proposed to 
describe the nonlinear behavior of yaw dynamics in 
the ship. For the design of controllers fundamental 
properties like the controllability and observability of 
linear systems are important. The control input drives 
the system to the desired values by the controllability 
properties. The observability property makes sure that 
all the system states can be retrieved from the 
measured output. The controllability property itself 
also ensures that the state-feedback controllers can be 
implemented successfully. Both the properties 
together ensure that the output-feedback controllers 
can be successfully implemented. The system model 
parameters can be uniquely determined from 
measured input output data, which is very important 
to the design of adaptive control systems by the use 
of identifiability property. In general terms, the state 

space models are less identifiable than transfer 
function models. The ship steering state space 
dynamic models are also known to have identification 
difficulties due to the cancellation effect.  
 
II. MATHEMATICAL MODELLING 
 
Ship steering autopilots can be designed using a 
simple model with average predicting capability. The 
fourth order transfer function relating the yaw rate to 
the rudder angle is derived based on the linearized 
surge-sway-yaw-roll equations of motion. Simplified 
second order Nomoto model and the first order 
Nomoto model are also described. We have 
 
m(v̇ + u r) = Y V + Y ̇ V̇ +  Y φ +  Y P +  Y ̇ Ṗ +
 Y r +  Y ̇ ṙ +  Y δ  (1) 
I φ = K P +  K ̇ Ṗ +  mgGM∅+  K V + K ̇ V̇ +
 K r +  K ̇ ṙ +  K δ  (2) 
I ψ̈ = N r +  N ̇ ṙ +  N ∅+  N P +  N ̇ Ṗ +  N V +
 N ̇ V̇ +  N δ (3) 
 
Where 
  
 Y , Y …. are hydrodynamic coefficients;  
 Y ̇  Indicates the derivative of the sway force Y to the 
sway speed V evaluated at the reference condition. 
m is the mass of the ship. 
I  = moment of inertia about the x-axis. 
 I  = moment of inertia about the z-axis. 
 V =sway speed. 
 u = surge speed. 
 r = yaw rate. 
 Ψ =heading angle defined by ψ = r. 
 p = roll rate. 
φ = roll angle defined by φ = p. 
 GM = metacentric height, which indicates the 
restoring capability of a ship in rolling motion. 
 Laplace transform is taken for Eqs. (1)- (3) and is 
shown in Eqs. (4)- (6) 
a V = a Φ+ a r + a δ   (4) 
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b Φ = b V + b r + b δ   (5) 
c r = c V + c Φ+ c δ   (6) 
Where 
a V = a Φ+ a r + a δ    
b Φ = b V + b r + b δ    
c r = c V + c Φ+ c δ    
a = (m − Y ̇ )S− Y     
a = Y ̇ S + Y S +  Y∅    
a = Y ̇S + Y + mu     
a = Y       
b = (I − K ̇ )S − K S + mgGM   
b = K ̇ S +  K      
b = K ̇S +  K      
b =  K       
c = (I − N ̇)S − N     
c = N ̇ S +  N      
c = N ̇ S + N S + N∅    
c =  N       
Transfer function relating the yaw rate r to the rudder 
angle δ can be obtained by eliminating the sway 
speed V and roll angle φ. 

= ( ) ( ) ( )
( ) ( ) ( )

(7) 
The numerator is third order in S, while the 
denominator is fourth order in S. Hence, the equation 
can written as  

= ( )( )
( )( )( )

(8) 
Where  
The quadratic factors are due to the coupling effect 
from the roll mode on the yaw rate. The zero and the 
pole are due to the coupling effect from the sway 
mode on the yaw dynamics. The roll mode is 
neglected to form 

= ( )
( ) ( )

(9) 
This equation is known as the second order Nomoto 
model. 
     Where 
K = static yaw rate gain,  
T1, T2 and T3 are time constants. 
 The below equation represents the Nomoto first 
order equation. 

= ( )(10) 
                Where 

T = T + T − T  

 
Fig. 2.1. Step Response of 1st 2nd and 4th Order Nomoto’s 

Model by MATLAB 
The step response of 4th, 2nd and 3rd order Nomoto 
model has been simulated and is shown in fig.2.1. 
The 4th order Nomoto model has an overshoot of 

51%, so it leads to error in turning calculation. The 
1st order model response can be useful if the roll 
effects are neglected. The 2nd order model is same as 
1st order but it includes the roll effects. Therefore 2nd 
order Nomoto model provides optimal solution. 
The stability of the ship is found using the Nomoto 
model by plotting the bode plot for the two different 
ships with different dimensions and is explained in 
fig.2.2 and fig.2.3. 
 

 
Fig.2.2 Bode plot for course stable ship 

 
Fig 2.3. Bode plot for course unstable ship 

 
III. IMPLEMENTATION 
 
   The block diagram of the control system in ship is 
shown in fig.3.1 

 
Fig.3.1 Block diagram of control system in ship 

 
There may be a measured and unmeasured 
disturbance v and d respectively in addition to the 
manipulated variable input, u. The unmeasured 
disturbance is not affected by the controller or the 
plant and is always present.  It represents the 
unknown, unpredictable events that will affect the 
plant operation. The measured output, y is affected 
when when such an event occurs and is fed back to 
the controller as shown in fig.3.2. 
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Fig.3.2 Block diagram of MPC application. 

 
d- Unmeasured disturbance. 
    Unknown but for its effect on the plant output. The 
feedback  compensation is provided by the controller 
for such disturbances. 
 
r Set point (or reference). 
     Output target value. 
 
u Manipulated variable(or actuator).  
    The signal that is adjusted by the controller in 
order to achieve its objectives. 
 
v Measured disturbance (optional).  
    The feed forward compensation is provided by the 
controller for such disturbances as they occur to 
minimize their impact on the output. 
 
y Output (or controlled variable).  
     
     The “true” value, uncorrupted by measurement 
noise. The signal that is to be held at the reference 
point 
 
y Measured output. 
      Estimated true value. 
 
z Measurement noise.  
  Represents the sampling errors, drifting calibration, 
and other effects such as electrical noise that impair 
measurement precision and accuracy. 
 
Fig.3.3 shows the State of the controller at the kth 
Sampling Instant (i.e. the current instant). The recent 
measured output, yk, and the previous measurements, 
yk-1,yk-2 ..., are known and are shown as filled circles. 
If there is a measured disturbance in the system, its 
past and present values would be known (not shown). 
The previous moves of the controller, uk-4... uk-1, are 
depicted as filled circles. Each move received by a 
zero-order hold from the controller and holds it until 
the next sampling instant, causing step-wise 
variations. Model Predictive Control is a technique, 
which engrafts optimization within feedback to deal 
with system subject to constraints on input and 
output. Using an explicit model and the measured 
current or estimated state as the initial state to predict 
the plant’s future response, The control action is 

determined by the MPC which solves a finite-horizon 
open-loop optimal control problem online at each 
sampling interval. MPC handles over-actuated 
problem or under-actuated problem gracefully by 
combining all the objectives into a single objective 
function. 

 
Fig.3.3 Controller State at the kth Sampling Instant. 

 
Consider a discrete time linear time invariant system  
 

 
 
 Where x is the system state,  
u is the control,  
y is the output, 
 A and B are system matrices assumed to be known 
 The objective function as follows  

  
Future state variable x(ki+m/ki) at sampling instant 
m, becomes as follows 

 
 
IV. SIMULATION RESULTS 
 
When ship leans over to a side by the action of waves 
or from the centrifugal force of a turn or under wind 
pressure or from amount of exposed topsides, the ship 
is said to 'heel'. The simulation for heeling arm curve 
is shown in fig.4.1 and fig4.2. 
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Fig.4.1 Matlab program for heeling arm curve 

 

 
Fig4.2. Output of heeling arm curve 

 
Area of stability is the maximum angle at which a 
ship can heel with or without wind. The simulation 
for stability of the ship is shown in fig.4.3 and fig 4.4  
 

 
Fig4.3. Program for Area of Stability 

 
Fig.4.4 Output of Area of Stability 

Simulation of the Nomoto plant model is shown in 
the fig. 4.5 

 
Fig4.5. Plant Model 

 
Fig.4.6 Matlab simulation for MPC 

 
Fig.4.7.Designing MPC controller using MATLAB 

 

 
Fig.4.8. Input to the plant 

 
Fig.4.9 Reference and Output signals 
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MPC algorithm is implemented using Nomoto Plant 
model and is shown in fig.4.6. The fig. 4.7 represents 
the design of the MPC controller in MATLAB.  
 
Fig. 4.8 represents the input to the Nomoto plant 
model and Fig 4.9 Represents the output and the 
reference signals. 
 
CONCLUSION 
 
Nomoto model is analysed and the second order 
equation of the Nomoto model is found to be the best 
for the prediction and control of ship’s heading angle.  
The Yaw rate and the Rudder angle of a ship are 
predicted and controlled using Model Predictive 
Controller. 
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