
International Journal of Industrial Electronics and Electrical Engineering, ISSN: 2347-6982 Volume-4, Issue-2, Feb.-2016 

Semi-Exact Algebraic Expressions For the Natural Frequencies of Rectangular Kirchhoff-Love Plates 
 

69 

SEMI-EXACT ALGEBRAIC EXPRESSIONS FOR THE NATURAL 
FREQUENCIES OF RECTANGULAR KIRCHHOFF-LOVE PLATES 

 
MICHAEL J. LEAMY 

 
George W. Woodruff School of Mechanical Engineering, 
Georgia Institute of Technology, Atlanta, GA 30332-0405 

 
 
Abstract— Semi-exact, closed-form algebraic expressions are developed for the natural frequencies of rectangular 
Kirchhoff-Love plates. The approach employs plane waves, their edge reflections, and phase closure considerations. The 
semi-exact nature is such that the analysis exactly satisfies plate boundary conditions along each edge when taken in 
isolation, but not fully when combined, and thus is approximate near a corner. As frequency increases, the expressions 
become increasingly more accurate. For clamped square plates, closed-form expressions are developed in algebraic form for 
the first time and it is shown that the expressions for the first twenty non-dimensional natural frequencies are within 0.06% 
of their exact values. 
 
 
I. INTRODUCTION 
 
The study of the free response of thin, rectangular plates has an extensive history dating back to the derivation 
of the field equations by Love in 1888 [1] using kinematic assumptions first proposed by Kirchhoff in 1850 [2]. 
The formulation is reviewed in standard texts such as those by Timoshenko and Woinowsky-Krieger [3], Szilard 
[4], and Reddy [5]. Rectangular plate solutions for free response - i.e., natural frequencies (eigenvalues) and 
mode shapes (eigenfunctions) - have received numerous treatments, particularly when the boundary conditions 
do not include two edges simply supported. Exact solutions can be found in closed form when the rectangular 
plate has two opposite faces simply supported. When two opposing edges are not simply supported, exact 
solutions have traditionally been unavailable and instead either numerical (finite element, finite difference, etc.) 
approaches have been employed, or approximate analytical solutions have been sought using techniques such as 
the Rayleigh and Ritz methods [6, 7]. The approximate analytical solutions are only as good as their assumed 
basis functions, which concerned many of the studies employing these techniques (e.g., see works by Warburton 
[8] using beam eigenfunctions and by Janich [9] using trigonometric functions). Very recently, Xing and Liu 
[10] presented equations for exact rectangular plate natural frequencies and mode shapes by recasting the field 
equations in Hamiltonian dual form and solving them using a classical separation of variables approach. Their 
approach yields correct solutions for previously intractable problems, such as fully clamped plates. This is a 
very important development; however, it does not fully close the discussion of these problems as the eigenvalue 
solutions are not in closed form. Instead, they require the simultaneous solution of three nonlinear equations, 
two of which are transcendental. This is problematic in two respects. First, the solution approach requires an 
iterative, numerical scheme (such as Newton-Raphson) to find the roots and thus the solutions are not easily 
archived in general treatments (engineering handbooks, field manuals, etc.). Second, numerical nonlinear root 
finding can potentially misidentify the first root (i.e., the fundamental natural frequency) or miss roots, 
particularly in cases where two roots are closely spaced, or where a single root is isolated between two groups of 
clustered roots. 
 
In what follows, a phase closure approach is developed for finding semi-exact, closed-form expressions for the 
natural frequencies of thin rectangular plates. The chief advantage of the presented approach over existing 
approaches is the development of highly-accurate, closed-form algebraic expressions suitable for archiving in 
compilations such as handbooks and manuals. This is in contrast to the only available exact approach and its 
need to numerically solve three nonlinear equations, two of which are transcendental. Only rectangular plates 
with common sets of boundary conditions (free, simply-supported, and clamped) are treated in detail, but it is 
believed the presented approach should generalize to other plate shapes and boundary conditions, such as 
triangular or hexagonal plates, with edges restrained by flexible supports of non-negligible mass and dissipation. 
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SQUARE PLATE RESULTS 
 
For square plates with four clamped edges, Table 1 presents the first 20 unique natural frequencies and 
compares them to approximate results reported by Leissa [7] and exact results computed numerically using the 
Hamiltonian dual method introduced by Xing and Liu [10]. The semi-exact algebraic expressions developed 
herein compare very favorably to the numerical roots found using the exact equations. The largest absolute error 
in the first 20 presented natural frequencies is less than 0.06%. In fact, nearly all of the absolute errors are under 
0.01%. A trend is clear in the semi-exact solutions that as frequency increases, so does the accuracy of the 
frequencies. 
 
CONCLUDING REMARKS 
 
Using a phase closure argument on plane waves, this article detailed a semi-exact approach for finding algebraic 
expressions for the natural frequencies of rectangular Kirchhoff-Love plates. It has been shown that these 
expressions yield very high accuracy when compared to other known approaches, with the advantage of being 
reported in closed-form. 
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Table 1: Nondimensional natural frequencies for a CCCC square plate with comparisons to results cataloged by 
Leissa [7] and computed numerically using exact expressions [10]. 

 
 
 
 
 
 

 
 
 


