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Abstract— In this paper, by integrating the artificial bee colony (ABC) with the gradient-based sequential quadratic 
programming (SQP), a new hybrid optimization method referred to as the GABC is introduced. The new algorithm combines 
the global exploration ability of the ABC to converge rapidly to a near optimum solution, and the accurate local exploitation 
ability of the SQP to accelerate the search process and find an accurate solution. A set of well-known benchmark 
optimization problems is used to validate the performance of the GABC as a global optimization algorithm and facilitate 
comparison with the classical ABC. The numerical experiments demonstrate that the hybrid algorithm converges faster to a 
significantly more accurate final solution for a variety of benchmark test functions. 
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I. INTRODUCTION 
 
The problem of finding the global minimum of a 
function with large numbers of local minima arises in 
many scientific applications. In typical applications, 
the search space is large and prior information about 
the function is not available, and traditional 
mathematical local search techniques are not 
applicable. On the other hand, global optimization 
methods, e.g., genetic algorithm, particle swarm 
optimization, gravitational search algorithm, etc, are 
good at finding the promising regions of search space 
and probability of getting trapped into local optima 
would be decreased. These algorithms have been 
successfully applied for the solution of different 
optimization problems [1-7]. However, these methods 
have often exhibited unacceptable slow convergence 
rates due to their random search, especially near the 
area of the global optimum. Therefore, the hybrid 
algorithms that can benefit from the advantages of 
both methodologies alleviate their inherent 
drawbacks are of interest [8, 9].  
This study develops a new hybrid algorithm 
combining the ABC with a gradient-based sequential 
quadratic programming (SQP) algorithm, referred to 
as GABC. The proposed hybrid method uses the 
global exploration capability of the ABC, which can 
give a near optimum solution even when the problem 
has many local optimum and SQP, which has local 
search ability for accurate local exploitation. At the 
beginning stage of searching for the optimum, the 
presented algorithm starts with ABC to find a near 
optimum solution and accelerate the convergence 
speed. The searching process is then switched to SQP 
and the best solution found by ABC will be taken as 
the initial starting point for the SQP and will be fine-
tuned. 
In this way, the hybrid GABC algorithmmay find an 
optimum solution more quickly and accurately. To 
validate the efficiency of the newhybrid approach a 

set of five well-known benchmark functions are 
considered.  

 
II. ARTIFICIAL BEE COLONY (ABC) 
ALGORITHM 

 
Artificial bee colony (ABC) algorithm that simulates 
the intelligent foraging behavior of honey bee swarms 
was introduced by Karaboga in 2005 [10]. The basic 
version of the artificial bee colony algorithm has only 
one control parameter called limit apart from the 
common control parameters of the population-based 
algorithms such as population size and maximum 
cycle number (MCN). In ABC algorithm, the 
population consists of a set of possible solutions xi 
represented by the positions of food sources of which 
the nectar amount corresponds to the quality of the 
associated solution. In the algorithm, the colony of 
artificial bees contains three types of bees: employed 
bees, onlookers and scouts. A bee that is currently 
exploiting a food source is called employed bee and a 
bee waiting in the hive for making decision to choose 
a food source is named as onlooker. Scout bees carry 
out random searches for new food sources. In the 
initialization of the algorithm, a set of solutions (food 
source positions) are randomly generated by the scout 
bees. Let Xi= {xi1, xi2, . . . ,xin} represent the ith food 
source in the population, and then each solution is 
generated by Eq. (1): 

 
wherei=1,…., SN and SN is the number of food 
sources which is equal to the number of employed 
bees. xmin,jand xmax,jare the lower and upper bounds of 
the jth parameters of the solution i, respectively. After 
the initialization, the population is evaluated and 
then, is repeated with the search processes of the 
employed bees, the onlooker bees and the scout bees. 
Each employed bee is associated with a particular 
food source and in each iteration, she searches a new 
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food source in the neighborhood of the food source in 
her memory using Eq. (2): 

 
where ϕij is a uniformly distributed real random 
number in the range [-1,1], k {1, 2, . . . ,SN} is a 
randomly chosen index that has to be different from i, 
and  j {1, 2, . . . , D} is randomly chosen index 
which represents a component of each food source 
position. vi is a candidate food source position, xi is 
the current food source position, xk is a neighbor food 
source position,. Once vi is obtained and evaluated, it 
is compared to xi. When viis better than xi, it will 
replace with xi and become a new member of the 
population.  
In other words, greedy selection process is applied; 
when the nectar amount of the new one is higher than 
that of the previous one, the bee memorizes the new 
position and forgets the old one; otherwise, she keeps 
the position of the previous one in her memory. After 
all employed bees complete the search process; they 
come into the hive and share the nectar information 
of their sources with onlooker bees by dancing. Then, 
each onlooker prefers a food source area depending 
on the nectar information distributed by the employed 
bees. The preference is carried out probabilistically, 
where the preference probability of the solution i, Pi, 
depends on the nectar amount of food source i and pi 
is calculated by Eq. (3): 

 
wherefiti is the fitness of the solution Xi. When the 
nectar of a food source is exhausted by the employed 
and onlooker bees, the employed bee of that source 
becomes a scout bee and randomly determines a new 
food source by Eq. (1) and replaces it with the 
abandoned (exhausted) one.  
 
III. SEQUENTIAL QUADRATIC 
PROGRAMMING 
 
Sequential quadratic programming (SQP) is a 
standard general purpose mathematical programming 
algorithm for nonlinear programming optimization 
problems [11]. It outperforms other nonlinear 
programming methods in terms of efficiency, 
accuracy and percentage of successful solutions over 
a large number of test problems. The SQP starts from 
a single searching point and finds a solution using the 
gradient information. Hence, all the functions 
including the objective function and constraints must 
be continuously differentiable. Although this 
optimizing method is less time consuming than the 
population-based search algorithms, it is highly 
dependent on the initial estimate of solution. The 
solution procedure of the SQP is based on the 
formulating and solving a quadratic sub-problem in 
each iteration. The sub-problem is obtained by 

linearizing the constraints and approximating the 
Lagrangian function quadratically[12]: 

 
where f (x) is the main objective function, Gi (x) are 
the inequality constraints, λi are the Lagrange 
multipliers under the non-negativity restriction for the 
inequality constraints and m is the total number of 
constraints. At each iteration, an approximation is 
made of the Hessian matrix of the Lagrangian 
function, Hk, using a quasi-Newton updating method 
[12]. The process starts from given iteration xk, then, 
the following quadratic programming (QP) sub-
problem is formed to solve:

 

 
 
This sub-problem is a quadratic programming (QP) 
sub-problem whose solution is used to form a search 
direction dk for a line search procedure. In other 
words, the solution is used to form the next iterate: 

 
The step length parameter, αk, is determined by an 
appropriate line search procedure so that a sufficient 
decrease in a merit function is obtained.  In summary, 
SQP is including three main stages as follows: 
(1) Calculation of an approximation of the hessian 
matrix of the Lagrangian function using quasi-
Newton method. 
(2) Quadratic programming problem solution. 
(3) Line search and merit function calculation. 
In this study, the SQP algorithm is implemented 
using MATLAB optimization toolbox. 
 
IV. GRADIENT BASED ABC ALGORITHM 
(GABC) 
 
By combining the ABC with SQP, a new hybrid 
algorithm referred to as GABC algorithm is 
formulated in this paper. In this approach the balance 
between exploration and exploitation is achieved 
using the ABC as a global optimizer for global 
exploration and SQP as a deterministic local search 
algorithm for local exploitation. This algorithm 
effectively uses the benefit of both ABC and SQP 
techniques and avoids their weaknesses. In GABC, 
the searching process starts with the ABC by 
initializing a group of random agents since the SQP is 
sensitive to the starting point. The calculation 
continues with the ABC for a specific number of 
iterations to search the global best position in the 
solution space.  In other words, the ABC will 
continue until the number of cycle is reached to 
MCN. Then, the algorithm shifts to the SQP, which is 
a faster method. If the step size of the SQP is not 
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large enough to proceed, the algorithm will shift to 
the ABC again. This sequence of shifting between 
ABC and SQP in series could be applied more than 
once until the final solution is reached. 
The best solution found by ABC will be taken as the 
initial starting point for the SQP and the searching 
process is then switched to SQP to accelerate 
convergence to the global optimum. In this way, the 
hybrid algorithm may find an optimum more quickly 
and accurately. The procedure for the proposed ABC-
SQP algorithm is given as follows: 

 
Step 1.  Generate the initial population Xi, i=1….SN 
Step 2. Evaluate the initial population 
Step 3. Set cycle to 1 
Step 4. repeat 
Step 5.     for each employed bee { 
           Produce new solution vi by using Eq. (2) 
           Calculate the value fiti 
           Apply greedy selection process} 
Step 6.     Calculate the probability values pi for the solution 
(xi) by Eq. (3) 
Step 7.for each onlooker bee { 
          Select a solution xi depending on pi 
          Produce new solution vi 
          Calculate the value fiti 
          Apply greedy selection process} 
Step 8.if there is an abandoned solution 
then replace it with a new solution which will be randomly 
produced by a scout using Eq. (1) 
Step 9. Memorize the best solution so far 
Step 10. cycle=cycle+1 
      Step 11. until cycle=MCN 
Step 12. Consider the best solution obtained by ABC as the 
initial guess for SQP 
Step 13. Use SQP algorithm to search around global best, 
which is found by ABC 
Step 14. Output the solution obtained from SQP 
 
V. MODEL VALIDATION 
 
In this section, the efficiency and robustness of the 
proposed GABC algorithm for numerical 
optimization will be investigated. In order to prove 
that an algorithm is able to perform sufficiently well 
over a wide range of feasible functions, the most 
commonly used strategy is the application of 
benchmark test comprising several functions. These 
functions are specially designed and routinely used to 
evaluate the performance of the global optimization 
algorithms. In this study, to validate the effectiveness 
and performance of our new hybrid algorithm, a set 
of five well-known standard benchmark functions are 
employed. Although these functions may not 
necessarily give an accurate indication of the 
performance of an algorithm on real world problems, 
they can be used to investigate certain aspects of the 
algorithms under consideration. The formulas of 
these functions are presented below.  

 
These functions are chosen with regard to their 
particularities, from one simple function with single 
minimum to one having a considerable number of 
local minima. All the functions should be minimized. 
The first three functions are unimodal functions 
whereas the next two functions are multimodal 
optimization problems with a considerable amount of 
local minima. In multimodal functions the number of 
local minima increases exponentially with the 
problem dimension. The properties of each function 
include the name, dimension, admissible range of the 
variable and the optimum to be obtained are given in 
Table 1.  
The presented benchmark functions are solved using 
both ABC and GABC algorithms. In the experiments, 
the parameters used for both algorithms are set as: the 
colony size is 20 and the maximum cycle number is 
2000. The percentage of onlooker bees was 50% of 
the colony; the employed bees were 50% of the 
colony. Therefore, the total objective function 
evaluation number is 40000. Experiments were 
repeated 30 times each starting from a random 
population with different seeds.The SQP simulations 
are done using the MATLAB optimization toolbox. 
The algorithms are simulated 30 times independently 
and the results are recorded. Then the statistical 
analyses are carried out and for each method, the 
worst, mean, median, best and standard deviation of 
each function are calculated. The performance 
comparison between two algorithms on five functions 
is presented in Table 2. 
Table 2 shows that the GABC algorithm converged to 
a more significantly accurate final solution than the 
ABC for all test functions used. This is because good 
solutions (points in the neighborhood of deep local 
minima) found by the ABC are refined using a 
deterministic gradient-based local search technique, 
SQP, with high convergence rate avoiding costly 
random search. As shown in Table 2, the proposed 
hybrid algorithm is able to reach the global optimum 
for the Rosenbrock and Rastrigin functions. In 
addition, the new algorithm could provide a 
significantly better solution for the Sphere, Quadric 
and Penalized functions. In terms of standard 
deviation, for all the functions, the standard deviation 
of the results obtained by the GABC in 30 
independent runs are smaller than those computed by 
ABC indicating the high stability of the new method. 
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Table 1: Basic character of the standard benchmark 

functions 

 
 

Table 2:Minimization result of the benchmark functions found in 30 independent runs with MCN=2000 

 
 
CONCLUSIONS 
 
This article introduces a new hybrid optimization 
algorithm, referred to as the GABC, which combines 
the stochastic ABC and the deterministic SQP 
algorithms. In this approach, the ABC successfully 
searches all space during the initial stages of a global 
search. Then, the algorithm switches to SQP for 
accurate local exploitation around the best solution 
and to complement the global exploration provided 
by the ABC. The performance of the proposed GABC 
algorithm as a global optimization technique is 
investigated using a set of five well-known 
unimodal/multimodal benchmark functions. 
In comparison with the results obtained from the 
standard ABC, the GABC algorithm has been 
verifiedto possess excellent performance in terms of 
accuracy, convergence rate, stability and robustness 
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