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Abstract— Doppler effect plays a vital role and cannot be neglected for high velocity radars. When the velocity between the 
target and radar is very high compared to the velocity of transmitted waveform, then the received signal suffers Doppler 
distortion and will not match with the matched filter. Due to this, linear frequency modulation waveform suffers from a 
considerable signal loss. Use of hyperbolic frequency modulation eliminates this adverse effect. In this paper hyperbolic 
frequency modulation waveform is shown as Doppler-invariant when compared with linear frequency modulation. The 
desired Doppler-invariant property of the hyperbolic frequency modulation is very attractive for radars employing pulse 
compression techniques. Schematic ambiguity diagrams are presented for linear frequency modulation and hyperbolic 
frequency modulation waveforms. 
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I. INTRODUCTION  
 
All the pulse compression codes must permit long 
detection and range resolution. For detection and 
range resolution transmission of an extremely narrow 
pulse of high bandwidth and high peak power is 
required. But there are practical limitations on the 
peak power. Pulse compression is a technique which 
combines high resolution of a short pulse width and 
energy of long pulse. These are number of pulse 
compression waveforms, which are classified as phase 
coding and frequency modulation waveforms [1]. A 
matched filter correlates the transmitted with received 
waveform to determine whether and where a target 
appears. It maximizes the output signal-to-noise ratio 
(SNR) in the presence of additive white noise in 
probing a stationary target [1,2]. However, if the 
target is moving, a mismatch will occur. Doppler 
insensitive (tolerant) waveforms have an especially 
slowly-decaying thin ridge in their Ambiguity 
Functions (AFs), and hence mitigate such range-rate 
caused detection degradation . The concept of Doppler 
insensitivity closely relates to target state and system 
parameters. For example, a linear frequency 
modulated (LFM) waveform is Doppler insensitive for 
the narrowband transmission scenario [1]. In this 
paper, the HFM is considered, which is maximally 
insensitive to a constant range-rate and has 
consequently been employed in radar and sonar for 
moving targets [5]. Motivation behind this work is to 
bring waveforms, where there is no conflict between 
long-range detection and high range resolution. If the 
bandwidth and time are increased i.e for high BT 
product waveforms such conflicts can be avoided. 
LFM and HFM waveforms are the examples with high 
time bandwidth product. A comparison is made to 
prove that the HFM is more Doppler tolerant than 
LFM.  In this paper range and Doppler resolvability 
are evaluated under different conditions. The signals  

 
are resolved using the AF. The AF is a two 
dimensional function of the correlation output power 
versus range and Doppler shift. It is equivalent to the 
output of matched filter. The Doppler effect cannot be 
neglected if the target has high velocity. In LFM 
waveform due to mismatch between the reflected 
signal and the matched filter caused by the Doppler 
distortion suffer from significant signal loss[1].To 
overcome this disadvantage HFM  is used which has 
the inherent Doppler  invariant property. It is 
necessary to use a Doppler invariant frequency 
modulated wave form in order to avoid excessive loss 
in the signal. The main purpose of  using this 
broadband waveform with high bandwidth and 
significant energy distribution over a wide range of 
frequencies improves the range resolution capabilities 
while retaining the detection performance [6,7].  
 
II. LINEAR & HYPERBOLIC 

MODULATION  
 
A LFM waveform transmitted can be given as in Eq.1 

x(t) = cos π
β
τ t        0 ≤ t ≤ τ (1) 

where β is bandwidth= 1/τ hertz. The real value of the 
Eq.1 can be written as complex envelope of the 
waveform and given by Eq.2 

x(t) = e =  e ( )     0 ≤ t ≤ τ (2) 
The derivate of the phase function w.r.t. time gives 
instantaneous frequency F(t) .For LFM waveform 
F(t) sweeps linearly across the total bandwidth of β 
Hz during the pulse duration of τ seconds. 

F(t) =
1

2π
d(θ)

dt  (3) 

 
The HFM transmitted waveform can be given as  

x(t) = exp −j2π 
f f
β T ln 1−

βt
f T  (4) 
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    where    fl=f0-β/2 ,   fh=f0+β/2 
f0 is the mid frequency , β is bandwidth and T is the 
duration of the pulse. The instantaneous frequency 
F(t) of HFM waveform sweeps logarithmic across the 
total Bandwidth of β Hz during the pulse duration of 
T seconds. Fig. 1 shows the instantaneous frequency 
of LFM and HFM waveforms. 

 
Fig 1. Instantaneous frequency of LFM and HFM waveform 

Fig. 1 shows that F(t) of LFM changes linearly as a 
function of time where as in the HFM F(t) changes 
hyperbolically with time and can be called as 
hyperbolic chirp analogous to linear chirp. 
A Frequency Analysis of LFM and HFM 
waveforms 
Fourier transforms are used to analyze waveforms 
and processors their features. It is easier to analyze a 
waveform in the frequency domain than in the time 
domain. Fourier transform of signal x(t) is given as  

X(ω) =
1

2π
x(t)e ω dt

∞

 (5) 

X(t) is time domain representation 
X(ω) is frequency domain representation 

 
Fig 2. Spectrum of  LFM waveform 

The LFM waveform spectrum is shown in Fig. 2 and 
observed all mostly to be in rectangular shape. Range 
resolution is a function of the bandwidth and duration 
of the transmitted signal. The large BT product 
waveforms are used in radars, as they allow to reach 
wider bandwidths without varying the duration of the 
pulse [5]. 

 
Fig 3. Spectrum of  HFM waveform 

The power /unit bandwidth of HFM is not constant 
so, for the HFM waveform as shown in Fig.3 the 
spectrum is not flat. When simulating the operation of 
radar the transmitted signal with a time delay can be 
considered as received signal. The Fourier transform 
of the delayed signal is obtained by time shifting 
property. For a signal x(t), the time shifted version is 
given as x(t-t0) and is a delayed signal[3]. 
 

F x(t− t ) = x(t− t ) e dt (6) 

= x(τ) e ( )dτ (7) 

= X(ω)e  (8) 
 
In frequency domain a delay in the signal can be 
introduced by just multiplying with an exponential 
term to X(ω). 

X[n− n ] ↔ e X(e ) (9) 
X(ejω) is the Fourier transform of X[n]. 

Matched filter output obtained is impulse response 
and matched to input signal  

 
y(t) = x(t) ∗ h(t) (10) 

 
h(t) is the filter response and x(t) is transmitted 
signal. The matched-filter response can be considered 
as  auto correlation function of the signal. Thus 
matched filter reception and correlation reception are 
equivalent. The characteristics parameters of the 
LFM and HFM waveforms are uncompressed pulse 
width T(seconds) and signal bandwidth β(Hz). When 
the LFM and HFM waveforms are transmitted 
through the matched filter a Si(x) is obtained due to 
correlation result. The matched filter output for LFM 
and HFM are shown in Fig. 4-5. The height and width 
of the central pulse of the matched filter output 
depends on the bandwidth and the pulse width of 
uncompressed pulse. 
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Fig 4. Matched filter output of  LFM waveform 

 
Fig 5. Matched filter output of  HFM waveform 

 
B Ambiguity function of LFM and HFM waveforms 
The AF of an LFM waveform is given as  

χ(t, f) =
sin (π(f + βt/τ)(τ − |t|))

τπ(f + βt/τ)  
(11) 

The AF of HFM waveform is given as 
χ(t, f) = ∫ rect rect ∗

               exp −j2π log 1− −

                 log 1− ( )   
 

(12) 

 
Fig 6 . Ambiguity Function of  LFM waveform 

The AF of LFM waveform exhibits a linear ridge in 
the delay-Doppler plane. This linear ridge is shown in      
Fig. 6. If the target is moves at a constant velocity 
then LFM can be used. If the target moves at a higher 
velocity then HFM is used. The HFM exhibits a 
hyperbolic ridge. The performance of these waves can 
be given by defining the signal measures such as Peak 
Side Lobe Ratio, Integrated Side Lobe Ratio,  Merit 
Factor, Discrimination. 

 
Fig 7 . Ambiguity Function of HFM waveform 

 
C. Signal candidates 
Most of the criteria given in literature are used for 
Autocorrelation function and these have been used to 
compare different waveforms[1,2] 
Discrimination (D): Discrimination (D) is defined as 
the ratio of main Peak in the Auto correlation function 
to the absolute maximum amplitude among the side 
lobes 

D =  
x(0)

max|x(k)|       k ≠ 0 (13) 

Merit Factor (F): Merit factor, F, is defined as the 
ratio of energy in the main lobe of Auto correlation 
function to the total signal energy in side lobes 

MF =
x (0)

2∑ x (k)
 (14) 

 
III. DOPPLER  INVARIANT PROPERTY OF 

HFM COMPARED WITH LFM 
 
For an LFM , if the relative velocity between the 
target and radar is very high when compared to the 
velocity of waveform propagated then the reflected 
signal is Doppler distorted and does not match with 
matched filter. Due to this, the output of the matched 
filter will be degraded significantly causing loss in the 
signal. The Doppler distorted waveform can be 
expressed as a function of τ by the range and a 
Doppler shift (f) caused by the relative velocity 
between the target and radar. Fig 5 is an example 
where f=0. If the Doppler shift is included the 
performance will degrade slowly in LFM waveform 
when compared to HFM waveform. The output of the 
matched filter for LFM and HFM waveforms for 
different Dopplers are  plotted in Fig 6-10. Comparing 
the results between the LFM and HFM with an 
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increase in Doppler shift, LFM pulse . There is a 
significant loss in the signal and increase in pulse 
width. Where as in HFM waveform, Doppler 
distortion affect is more when compared to LFM. The  
amplitude is slightly reduced in HFM waveforms [8]. 
The signal loss in LFM waveform is high when  
compared to HFM waveform. The signal loss in LFM 
waveform is high when  compared to HFM waveform. 

 
Fig 7 . Output of Matched Filter for LFM at fd =1.5 

 

 
Fig 8 . Output of Matched Filter for LFM at fd =3 

 
Fig 9 . Output of Matched Filter for HFM at fd =1.5 

 

 
Fig10 . Output of Matched Filter for HFM at fd =3 

 
IV. RESULTS 
 
Many good measures of the waveform are given for 
auto correlation domain. In this paper MF and D of 
LFM and HFM waveforms are calculated. By these 

performance measures HFM waveform said to be 
have superior performance than that of LFM.  

WAVEFORM Performance of the waveforms 
Merit Factor Discrimination 

LFM 0.1952 1.0614 
HFM 1.294 0.299 

TABLE I.   
PERFORMANCE CRITERIA OF LFM & HFM 
It is also necessary to evaluate the signal 
characteristics in Doppler domain. The HFM 
waveform is a Doppler – invariant and exhibits the 
range Doppler ambiguity .Thus HFM offers the 
probability of avoiding the degradation of matched 
filter output in range resolution and it can accompany 
with the use of LFM waveform in radar, sonar & 
laser radar applications. 
 
CONCLUSIONS 
 
The AF of LFM waveform exhibits a linear ridge in 
delay Doppler plane; however HFM signal exhibits a 
parabolic ridge in its delay Doppler plane. The output 
of matched filter from Fig 7-8 suggests that HFM 
waveform is Doppler and acceleration tolerant. If the 
target is of constant velocity LFM waveform can be 
used and if the target moves with high velocity HFM 
is used as it is Doppler tolerant. With the performance 
measures of the LFM and HFM waveform, we can 
conclude that HFM waveform can be used for fast 
moving targets as they exhibit good results. 
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