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Abstract-This paper proposes design methodology for a disturbance rejection optimal PID controller for Continuous stirred 
tank reactor (CSTR), posing the controller design problem as optimization problem and, then, solving it using particle swarm 
optimization algorithm (PSO). The performance index to be minimized is the H2 - norm of the tracking error and constraint 
is the frequency domain performance of disturbance rejection. The problem boils down to the minimization of H2 
performance index under the inequality constraint of H∞ norm of closed loop transfer function. The PSO is used to solve the 
constrained optimization problem.  
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I. INTRODUCTION 
 
The PID controllers have been in use for several 
decades [1-3]. In the design, three PID control 
parameters are tuned to achieve the desired 
performances. In last few decades, much attention has 
been focused on mixed H2/H∞ problems from 
theoretical view point [4-7]. The conventional 
designs based on mixed H2/H∞ optimal control are 
complicated and not easily implemented for practical 
industrial applications. In designing optimal 
disturbance rejection controllers with fixed structures 
both tracking behavior and disturbance rejection are 
considered. The controller design is formulated as 
constraint optimization problem. 
 CSTR offers diverse range of researches in the area 
of control and chemical engineering. Various control 
approaches have been applied on CSTR to control its 
parameters.  
 In this paper, a design methodology for disturbance 
rejection PID control is developed solving 
optimization problem using PSO for global 
optimization problem. The design of optimal 
disturbance rejection controller with fixed structure 
based on minimizing a performance index subject to 
the disturbance rejection constraint using H norms 
will be carried. Design is formulated as a 
minimization of the integral of squared error subject 
to disturbance rejection constraint. 
 
II. CONDITION FOR DISTURBANCE 

REJECTION 
 
Disturbance with deterministic signal form, e.g. step 
function, sinusoidal function, are assumed in the 
classical methods for controller design [4]. Taking 
into account disturbances using the H-norm, the type 
of the signal can be arbitrary. It must be assumed, 
however, that the amplitude of the signal is bounded. 
In the following, the condition for disturbance 
rejection will be described. Consider the control  

 
system shown in the Fig. 1 with disturbance Dy(s) 
acting at the plant output. The controller with fixed 
structure is given by a rational transfer function C(s). 
The plant is described by its nominal transfer function 
Go(s). 

 
Fig.1 Control system with disturbance acting on the plant 

output 
Let the reference signal R(s) = 0, then the relation of 
the controlled variable, Y(s), to the disturbance at the 
output, Dy(s), can be described as follows:  

              (1)         
 
Applying Theorem 3.1 to equation (1) yields: 

                    (2)
        The condition for disturbance 
rejection indicates that the maximal amplitude of the 
output variable y(t) caused by means of the 
disturbance on the plant output dy(t), should not 
exceed a pre-fixed upper bound , i.e. 

 (3)   
Where,  < 1 is a design parameter 
The performance index is 

∫ 푒∞ (푡)푑푡        (4) 
The optimal system is one that minimizes this 
integral. This criterion has a characteristic that in the 
unit-step response of the system a large initial error is 
weighed lightly, while errors occurring late in the 
transient response are penalized heavily. 
  
III. PARTICLE SWARM OPTIMIZATION 
 
It is a population based stochastic optimization 

+ 
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technique developed in 1995 [8], from the simulation 
of social behavior of bird flocking or fish schooling. 
PSO has been found to be simple, effective and 
robust in solving problems with nonlinearity, non-
differentiability and multidimensional optimization 
[9]. In PSO, each particle represents a candidate 
solution to the optimization problem. At the 
beginning, each particle spans randomly through the 
problem space and updates its velocity and position 
with the two best values. The first best value, called 
pbest is the best solution achieved so for. Another 
value, called gbest is the Global best solution 
obtained so far by any particle in the swarm. At each 
interaction, each particle moves to pbest and gbest 
locations. The cost function evaluates the 
performance of particles to determine whether the 
best solution is achieved. In the present thesis work, 
the PSO is used to solve the constrained optimization 
problem.  

In PSO algorithms each particle moves with 
an adaptable velocity within the regions of decision 
space and retains a memory of the best position it 
ever encountered. The best position ever attained by 
each particle of the swarm is communicated to all 
other particles.  The updating equations of the 
velocity and position are given as follows:- 
A particle position is given by xi(k)  
A particle velocity is given by vi(k) 
A best "remembered" individual particle position is 
given by pi(k) 
A best "remembered" swarm position is given by 
pg(k) 
Cognitive and social parameters referred to as 
acceleration constants are given by c1 and c2.Random 
numbers between 0 and 1 are r1 and r2 .A inertia 
weight is given by w.Pi refers who best position 
found by particles. Velocity of Individual particle is 
updated as follows:   
vi (k+1) =wvi (k) + r1c1[ pi(k) – xi(k) ] + r2c2 [ pg(k) – 
xi(k) ] 
Position of individual particle is updated as follows: 
xi(k+1) =xi(k) +vi(k+1)  
The details of the PSO algorithm are given in 
flowchart.  

 
Fig.2 Flowchart of the PSO algorithm 

IV. DESIGN EXAMPLE   
  
To illustrate design of optimal PID controller for 
disturbance rejection a detailed design example is 
presented. Consider the control system shown in the 
Fig. 1 The model of plant is CSTR which is described 
by the following transfer function: 
 

퐺 (푠) =
2

푠 + 0.5푠 + .25 
 
The controller structure C(s,k) is taken as [4]             

d
i

p sk
s

kkksC ),(                        (5)
 

 
The vector k of controller parameters is given by 
 k = [kd, kp, ki]T , which is to be obtained solving the 
optimization problem. The weighing function Wd(s) 
is taken as [4]; 

Wd 1
1



s

                                    (6)           

 
The error signal E(s), assuming the input signal to be 
a unit step, is evaluated as follows:                  

                         (7) 
The squared error J5(k) = E' E is obtained.. This 
squared error is to be minimized under the 
disturbance rejection constraint. The H∞ norm is 
calculated using MATLAB function normhinf. 
 The performance of the open loop plant without 
controller is shown in the Fig.3.  
 

                     

Fig.3 Step response of the plant without controller 
 
Bode Plots of system without controller are shown in 
Fig.4. The gain and Phase margins are infinity and 
1.3 deg. respectively. 
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Fig.4. Bode plots of the system without controller 

 
Performance index J5 (k) is to be minimized is taken 
as ISE.J5(k) has been minimized under the constraint 
of disturbance rejection.                 
The controller parameter vector was searched in the 
following bounds: 
Kp= [0,40]; kd = [0,30]; ki= [0,30];  
 
The PSO algorithm converged with minimum value 
of J5(k*) and optimal solution vector 
 
 k* =[15.0008 5.0001 .9994]]T . 
  
Bode plots of system with designed controller are 
shown in the Fig.5. The gain and phase margins are 
infinity dB and 142 deg. respectively. 

 
Fig. 5. Bode plots of system with the designed controller  

 
The closed loop step response of the feedback control 
system shown in Fig.1 with the designed controller 
without disturbance is shown in Fig. 6.  

 
Fig.6 Step response of the controlled plant without disturbance 

 
Fig.7. Step response of the controlled plant with disturbance 

 
The performance of the control system in Fig. 1 with 
designed controller is compared with respect to 
closed-loop step response with and without 
disturbance. The tracking behavior of the control 
system with and without disturbance is shown in Fig. 
8. 

 
Fig.8.  Step response of the controlled plant with and without 

disturbance  
 
There is no difference between the two responses. 
The designed controller gives satisfactory response in 
the face of plant disturbance. 
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The following time domain performances have been 
achieved: 
RiseTime: 0.1432 
SettlingTime: 0.9255 
SettlingMin: 0.9905 
SettlingMax: 1.1218 
Overshoot: 12.5201 
Undershoot: 0 
Peak: 1.1218 
PeakTime: 0.4000 

 
Fig..9.  Step response of the error signal and output signal  

 
CONCLUSIONS 
 
 In this paper a method is presented to design an optimal 
disturbance rejection controller for CSTR. The design 
problem is formulated as an optimization problem with 
constraint of type H∞ norm.. The designed controller 
gives satisfactory response in the face of plant 
disturbance Therefore the proposed control algorithms are 
shown to be effective. In the future, this control method can 
be further extended and applied to multivariable system.                           
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