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Abstract— This paper presents a 3 degrees of freedom (3-DOF) synchronization scheme for a deep space formation of 
spacecraft. In the design, which is referred to as a mutual synchronization scheme, feedback interconnections are designed in 
such a way that the spacecrafts track a time varying reference trajectory while at the same time keep a prescribed position. 
The goal is to have the position of each spacecraft track a desired trajectory, and maintain synchronization with other 
formation members. 
 
Keywords— 3 DOF, deep space, UAS, synchronization, formation 
 
 
I. INTRODUCTION 
 

Spacecraft formation flying missions and missions 
involving coordinated control of several autonomous 
vehicles have been areas of increased interest in later 
years. This is due to the many inherent advantages the 
distributed design adds to the mission. By distributing 
payload on several , redundancy is added to the 
system, minimising the risk of total mission failure, 
several cooperating spacecraft can solve assignments 
which are more difficult and expensive, or even 
impossible with a single spacecraft, and the launch 
costs may be reduced since the spacecraft can be 
distributed on more inexpensive launch vehicles. A 
condition for formation flight is however a fully 
autonomous vehicle, as controlling spacecraft in close 
formation is only possible using automatic control.  

Several control objectives can be defined 
depending on the specific mission of the formation. 
The control objective usually involves three types of 
approaches: leader-follower, behavioral and virtual 
structure.  

In the leader-follower strategy, one spacecraft is 
defined as leader of the formation while the rest are 
defined as followers. The control objective is to 
enable the followers to keep a fixed relative attitude 
with respect to the leader. [1] 

The behavioural strategy views each vehicle of the 
formation as an agent and the control action for each 
agent is defined by a weighted average of the controls 
corresponding to the desired behaviours for the agent. 
This approach eases the implementation of 
conflicting or competing control objectives, such as 
tracking versus avoidance. It is however difficult to 
enforce group behaviour, and to mathematically 
guarantee stability and formation convergence.  

In the virtual structure approach, the formation is 
defined as a virtual rigid body. In this approach the 
problem is how to define the desired attitude and 
position for each member of the formation such that 
the formation as a whole moves as a rigid body. In 
this scheme it is easy to prescribe coordinated group  

 
behaviour and to maintain the formation during ma- 
neuvers. But the actual performance is however 
dependent on the individual member’s control 
system’s ability to track the desired trajectories.  

In this paper, spacecrafts which are following 
leader-follower formation are assumed to be located 
such that, influences from celestial objects can be 
ignored, a location often referred to as deep space in 
the literature. The objective here is to have the 
position of each spacecraft track a desired trajectory, 
while simultaneously making sure that the spacecraft 
is synchronised with respect to the other formation 
members. 

The paper is organised as follows: Section II gives 
overview of Flight dynamic modelling and simulation 
procedure, Section III gives a general introduction to 
modelling and equations of motion, in Section IV 
main idea is proposed, then simulation of a 3 degree 
of freedom three satellite formation in leader follower 
approach is included in Section V and conclusions are 
made in VI. 
 
II. MODELING AND SIMULATION 

PROCEDURE 
 

In this section, various aspects of modeling and 
simulation for flight dynamics are presented and 
simulation requirements are considered [3] . 
 
A. Modeling of flight dynamics 
 

Modeling of flight dynamics consists of 
idealization, selection of a reference coordinate 
frame, and derivation of governing equations of 
motion consistent with the idealization. Idealization is 
the process whereby necessary simplifying 
assumptions are made for studying the relevant 
dynamics. For example, in modeling the translational 
motion, it is often sufficient to ignore the size and 
mass distribution, and consider the vehicle as a point 
mass (or, particle). This is called the particle 
idealization of the vehicle. In this process, the distinct 
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ways in which the vehicle can move, i.e., its degrees 
of freedom, are reduced to only three. Similarly, it is 
a common practice to treat the vehicle as a rigid body 
when considering its rotational motion, thereby 
reducing the degrees of freedom, from infinite (for a 
flexible body) to only six. The idealization must be 
carefully carried out so that the essential 
characteristics of the motion under study are not lost. 

 
 When the degrees of freedom are known, the next 

step is to select a set of motion variables (two for 
each degree of freedom), and a reference frame for 
expressing the equations of motion. The rotational 
motion is generally described in reference to a 
coordinate frame fixed to the vehicle at its center of 
mass [3].  

The equations of motion can be divided into two 
categories: (a) kinematic equations, which only 
consider the geometric relationships among the 
motion variables, and (b) dynamic (or kinetic) 
equations, that are derived by taking into account the 
physical laws of motion. Figure 1.1 depicts the 
various idealizations and reference frames employed 
in aerospace flight dynamics.  

 
 

Fig. 1.1 Modelling of aerospace vehicles 
 
B. Simulation criteria  
 

Simulation is the task of solving the governing 
equations of motion in such a manner that a good 
approximation of the actual vehicle’s motion is 
attained. Simulation of flight dynamics essentially 
consists of numerical integration of a set of nonlinear, 
ordinary differential equations. All numerical 
schemes employ varying degrees of approximation, 
wherein the derivatives are evaluated by Taylor series 
expansion.  

The number of terms retained in such a series is a 
rough indicator of the scheme’s accuracy. The 
neglected terms of the series are grouped into the 
truncation error of the numerical scheme. Since the 
neglected higher-order terms must be relatively 
smaller in size, it is necessary that the numerical 
integration be performed over steps of small intervals. 

Therefore, truncation error accumulates as the 
number of steps required in the integration increases. 
Generally, a fine balance must be struck between the 
reduction of the total truncation error, and the number 
of terms that must be retained in the memory for each 
computational step [3].  

Since the nonlinear numerical integration 
procedure has to be iterative in nature, one must also 
look at its stability and convergence properties. 
Stability of a numerical scheme allows the truncation 
error to remain bounded; while convergence implies 
that the numerical solution reaches essentially a 
steady state, and does not keep oscillating forever. 
The process of flight dynamic modeling and 
simulation is graphically depicted by a flow chart in 
Fig. 1.2.  

 
 

Fig. 1.2 Flight dynamic modelling and simulation procedure 
 
III. MODELLING 
 

In this section we derive equations of motion for a 
space- craft and consider translation dynamics 
equations.  
A. Reference frames 

Equations of motion will be expressed in two 
different reference frames.  
 

1) Planet Centred Inertial frame: This frame is an 
inertial frame for the spacecraft motion. Since the 
formation is in deep space. We denote this frame Fi.  
 

2) Body-fixed reference frame: This reference 
frame has its origin in the center of gravity of the 
spacecraft, with axes pointing along the principal 
axes of inertia of the spacecraft. The frame is denoted 
Fb for a general body frame and Fbk for 
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 k ∈ {1,...,n}, where n is the number of spacecraft in 
the formation.  
B. Kinematics 

The attitude kinematics is described in Euler 
angles, using the roll-pitch-yaw notation. In this 
notation a three element vector Θ = [θ, Φ, Ψ]T is used 
to describe the attitude of the spacecraft with respect 
to a reference frame, with corresponding rotation 
matrix [1] – [3] . 
 
Ra

b(Θ)=Rz(Ψ)Ry(θ)Rx(Φ)                      (1) 
 
 

 
Fig.2 .The figure illustrates how rotation between two 
frames can be interpreted in form of Euler angles. 
C. Dynamics 

1)  Translational dynamics:  The translational 
dynamics is derived for the case of formation flying 
in deep space, where the influence of other celestial 
objects is negligible. Under this assumption we model 
the translational dynamics as 
mbI3x3piddot = Ri

bfd
b + Ri

bfc
b                              (2) 

 
where mb is the mass of the spacecraft, pi is the 
inertial position of the center of gravity, fd

b and fc
b  

the disturbance and control forces respectively and 
Rib the rotation matrix between Fi and Fb. 

2)  Complete 6 degrees of freedom model: A 
complete 6 DOF model may now be written as: 
M*(x)xddot = - C*(x, xdot )xdot - B1(x)u + B2(x)w,       
(3)  
where    
x = [pi ]T                                                (4) 
u = [fc ]T                      (5) 
w = [fd ]T          (6) 
M*(x) = [mbI3x3 0]         (7) 
C*(x, xdot )  = [0   0]        (8) 
B1(x) = [Ri

b 0]         (9) 
B2(x) = [Ri

b 0]          (10) 
 
which retain the property  
 
M* = M*T > 0                                           (11) 
 

IV. CONTROL DESIGN 
 

In this section the design of synchronization 
controller for position control of a spacecraft 
formation is presented. The intuition behind the 
design is to develop a synchronization scheme such 
that the spacecraft are synchronised with respect to a 
desired position trajectory while maintaining the 
formation by keeping the relative distance. This may 
be necessary during formation reconfiguration, to 
keep the spacecraft moving in a synchronised 
manner.  
C. Synchronisation error 
 

Before proposition of the controller, definition of 
the mutual synchronization error of the kth spacecraft 
is given as  
     
sk = xk – xrk            (12) 

 
where xrk is reference trajectory which may be viewed 
as a virtual reference trajectory, combining the goals 
of tracking a desired reference attitude and position 
trajectory and synchronizing with the other spacecraft 
in the formation. We have considered shape 8 as the 
reference trajectory for leader spacecraft.  
  

Assuming negligible disturbances, the error 
dynamic can be written as  
 
M*

k(xk)skddot = - C*( xk, xkdot ) xkdot 
                                   -B1 (xk)uk - M*

k(xk)xrkddot                
(13) 
 
D. Control Law  
 

The error dynamics (13), with control input  
 

    - B1 (xk)uk = C*( xk, xkdot ) xrkdot + 
M*

k(xk)xrkddot  
           + Kp,k sk – Kd,k skdot   , ∀ k ∈ { 1 , …. , n }          
(14) 
 
where , uk is control input whereas Kp,k and Kd,k are 
positive definite gain matrices and it has  a 
uniformly asymptotically stable (UAS) origin (sk, 
skdot) = (0, 0) ∀ k ∈ {1, . . . , n}, for all initial 
conditions (sk0, sk0dot) in any ball about the 
origin. 
 

By combining (13) and (14) the closed-loop 
error-dynamics can be written  
  
 M*

k(xk)skddot + Kp,k sk – Kd,k skdot  = C*( xk, xkdot 
) skdot                
        (15) 
As the error-variable is actually a function of the 
system state and a time-varying reference signal, 
the system is non-autonomous. 
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V. SIMULATION RESULTS 
 

Simulation of the proposed synchronization 
scheme is presented in this section. 
 
Initial conditions are given by  
 x1 = [5 km, 0 km, 0 km] T         (16)  
 x2 = [0 km, 10 km, 0 km, ]T            (17) 
 x3 =[0 km, −10 km, 0 km,]T                   (18) 

 
In this simulation the satellites are controlled to 

follow a shape 8 trajectory through deep space. The 
common desired attitude is selected as a sinusoidal 
function of time.  

 

 
 

Fig. 3 Tracking and synchronization behaviour in 
positions for Kd =0.01. All units are in km.  
 

 Fig 4. Tracking and synchronization behaviour in 
positions for Kd =0.001. All units are in km 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Simulation results show that the trajectories, for 
both position and attitude, are tracked and that the 
synchronization errors converge. This behavior is 
decided by selecting the gains of the controller such 
that synchronization errors are more penalized than 
tracking error. By decreasing the gains on the 
synchronization error, we obtain a behavior where the 
spacecraft move towards the desired trajectory 
individually rather than in a synchronized manner.  
 
CONCLUSION 
 

In this paper, the design of 3 DOF mutual 
synchronization controller for a formation of 
spacecraft is presented. The controller yields 
uniformly asymptotically stable error dynamics, such 
that all states converge to the desired states, in a 
synchronized manner. However, 6 DOF design can 
be exploited by considering attitude dynamics of 
spacecraft. Also, by considering the spacecraft in 
deep space, many influential factors are neglected, so 
in actual modeling of spacecraft all these external 
forces, disturbances will exits and correspondingly 
selected an controller based on the situation and 
problem domain. 
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