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Abstract- Tractable and compact expressions for multivariate cumulative distribution functions (cdfs) in correlated fading 
environments have been difficult to obtain in wireless communications. In this letter, a new distribution of selection 
combiner output in correlated and identically distributed (c.i.d.) Rician fading with applications to multiple-input-multiple-
output (MIMO) systems is derived. The new infinite-series multivariate cdf can be used to mathematically obtain other well-
known cdfs in c.i.d. Rician and Rayleigh fading, thus verifying its correctness. Simulation results and detailed discussion are 
given. 
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I. INTRODUCTION 
 
The multivariate cdfs in c.i.d. Rayleigh, Rician and 
Nakagami-m fading environments have been 
important topics [1–10] which form strong foundation 
for this research branch. However, the computation of 
nested infinite series, even though they do converge, 
often results in lengthy computation time which 
makes it difficult and inefficient to obtain cdf 
results. A new single-integral expression for a 
multivariate cdf of MIMO systems employing 
selection combining (SC) in c.i.d. Rician fading was 
given in [11] and it was shown to perform much 
faster than the infinite-series cdfs obtained in [1, 2, 6] 
which makes the former attractive. However, one 
notable disadvantage of the findings reported in [11] 
is that their breakthrough single-integral cdf cannot 
be given in its closed-form which makes it difficult to 
mathematically verify against existing results unless 
simulation is employed. To the best of the author’s 
knowledge, (1) is the first in the literature that 
mathematically describes the selection combiner 
output c.i.d. Rician multivariate cdf for MIMO 
systems. The new cdf in (1) can be used to generalise 
results given in (i) [6, (26)] for a single-input-
multiple-output (SIMO) system employing SC, and 
(ii) in [9, (4)], [1, (11)] for a dual SC system. In 
addition, (1) can be considered as a an upper 
bound with L = 3 for (i) [3, (10)], [5, (8)], and (ii) 
with L = 4,K = 0 for [5, (19)]. The contributions of 
this letter are to: 
 
1) Obtain a new infinite-series selection combiner 
output c.i.d. Rician multivariate cdf for MIMO 
systems. 
2) Offer an effective tool for verification purposes 
that 
[11, (28)] cannot mathematically fulfil. Equation (1) 
can be used to mathematically verify against existing 
results given in [1, 3, 5, 6, 9]. Trivial typing mistakes 
in [11] are noted for correct derivation of (1). 
 

II. COMPARISON BETWEEN [11, (28)] AND (1)  
 
Till now, [11, (28)] may be the only contribution 
which has not yet been given in its corresponding 
infinite-series form to make it compatible with 
existing results as shown in [6, Sec. IV]. Equation (1) 
not only complements [11, (28)] but completes the 
study on selection combiner output c.i.d. Rician 
multivariate cdf for MIMO systems because the 
former can be used to mathematically verify other 
existing results without performing lengthy 
Computation as shown in Section III-A. Table I 
compares in detail the two contributions. 

 
 
III. RESULTS AND DISCUSSION 
 
The infinite-series-form multivariate cdf in c.i.d. 
Rician fading with applications to MIMO systems 
employing SC can be given by 

F =
d∗(y)e KN

ρ
k! (N − 1 + k)!  

× (N − 1 + k + l)!
1 − ρ

(N − 1)ρ+ 1  

d∗(y) =
1

la (y) (pN − l + p)d∗ (y) 
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×
ρ

1− ρ
1

p! (N − 1 + p)! 

× γ N + p,
N (1 + K)y
φ(1− ρ)  

a (y) =
1

(N − 1)! γ N ,
N (1 + K)y
φ(1− ρ)  

where γ(.,.) is the lower incomplete gamma function. 
Detailed derivation of (1) can be found in Appendix 
A. 
 
A. Verification using mathematical substitution 
Substituting Nt = 1,Nr = L into (1), one obtains 
 

F =
d∗ (y)e K

ρ
k! k!

∞

,

 

× (k + l)!
1− ρ

(L− 1)ρ+ 1  

d∗ (y) =
1

la , (y) (pL − l + p)d∗ (y) 

×
ρ

1− ρ
d ,
∗ (y)
p! p!  

× γ 1 + p,
(1 + K)y
φ(1− ρ)  

a , (y) = γ 1,
(1 + K)y
φ(1 − ρ)  

where (i) Equation (4) is mathematically identical to 
[12, (14)] and (ii) Equation (5) and (6) are 
mathematically identical to [12, (9)] with the 
argument y being replaced by (K + 1)y as noted in 
[12, Sec. II] which verifies the correctness of (1), (2) 
and (3). For K = 0 which corresponds to c.i.d. 
Rayleigh fading, (1) mathematically reduces to 

F , =
c (y)l!

(N − 1)!

∞

1− ρ
(L − 1)ρ+ 1  

c (y) =
1

la , (y) (pL − l + p)c (y) 

×
ρ

1− ρ
1

p! p! 

× γ 1 + p,
y

φ(1− ρ)  

a , (y) = γ 1,
y

φ(1 − ρ)  

which is mathematically identical to the verified 
results given in [12, (10)] for SIMO systems 
employing SC in c.i.d Rayleigh fading. It is clear that 
(1): (i) simplifies the simulation work otherwise must 
have been performed to verify [11, (28)] against [12, 
(14)] and (ii) systematically provides mathematical 
links among the existing works from which further 
progress can be made. This top-down mathematical 

and systematic view cannot be obtained using [11, 
(28)]. 
 
B. Verification using simulation 
 

 
Fig. 1. Comparisions of bivariate cdfs in c.i.d. Rician fading for 
K ~ 2.41, 6.46, 훒 = 0.5: (i) using (1) with Nt = 1,Nr = 2, (ii) using 
[1, (11)] or “MS06(11)” and (iii) using [12, (14)] or “KL15(14)” 
 
Figure 1 plots (7), [1, (11)] and [12, (14)] for 
K ~ 2.41, 6.46 which shows complete agreement. The 
nested infinite series must be truncated [3, 9] and they 
converge after about 40 iterations as shown in Figure 
2. This means that (1) is mathematically correct and 
can be effectively employed to obtain special cases in 
c.i.d. Rayleigh and Rician fading. The 
cdfs corresponding to other values 

 
Fig. 2. Infinite series convergence with 10, 20, 30, 40 iterations 
for the equally-correlated Rician trivariate cdf using (1) with 

Nt = 1,Nr = 3, 훒 = 0.5,K = 3dB 
 

 
Fig. 3. Multivariate cdfs in c.i.d. Rician fading using (1) 
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CONCLUSIONS 
 
The new infinite-series multivariate cdf for MIMO 
systems employing selection combining in c.i.d. 
Rician fading has been derived and verified in this 
letter. The new multivariate can be considered as an 
important mathematical link to systematically relate 
to other published works in the open literature which 
provides a complete overview on this specific 
research field. Mapping of multivariates in various 
correlated and identically distributed fading 
environments such as Rayleigh, Weibull, Rician 
and Nakagami-m is also interesting and will be 
reported in a separate publication. 
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APPENDIX A 
DERIVATION OF (1) 
Substituting [6, (25)] into [11, (19)] we obtain 

F , =
t
s

∞

e I (2s √t)  

[
x e

2ρt
1− ρ

( ) h
( )

 

( ) h
( )

I x
2ρt

1− ρ dx] dt  

 
Using [13, (AD (6361))] with 
 

a (y) = 	
1

(N − 1)! γ N ,
N (1 + K)γ h

φ(1− ρ)  

d∗ (y) = [
1

(N − 1)! γ N ,
N (1 + K)γ h

φ(1 − ρ) ]  

d∗(y) =
1

a (y) (pN − l + p) d∗ (y) 

×
ρ

1− ρ
1

p! (N − 1 + p)! 

× γ N + p,
N (1 + K)γ h

φ(1 − ρ)  

so that  
F (y)

=
d∗(y)e s

k! (N − 1 + k)!

∞

,

e
( )

t dt
∞

 

which reduces to the findings in Section 3. 
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