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Abstract— The inverted pendulum (IP) is among the most difficult systems to control in the field of control engineering. 
The process is non linear and unstable. The objective of this paper is to balance the pendulum vertically on a motor driven 
wagon by the use of hierarchical fuzzy PID controller. The hierarchical fuzzy PID controller divides the control system into 
multiple granular levels and adopts different control strategies in different granularities. We use different fuzzy controls for 
coarse adjustment in the coarse granularity and adopt classical PID as fine control in the fine granularity. Then we design a 
supervisor which is a fuzzy controller to switch between the different fuzzy controllers and PID control smoothly. 
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I. INTRODUCTION 
 

  The cart type inverted pendulum (IP) system is a 
multivariable, nonlinear, fast reaction, unstable and 
high order system. It has become an excellent testing 
bed for various control techniques and new control 
theories [1]. In this paper, a relatively new concept of 
Granular Computing (GrC) is used to control the IP. 
The art of granular computing for problem solving 
emerges from the resulting methodology, common 
philosophy and information processing pattern. 
Granular computing stresses not only the need for 
rigor, structure, conciseness and clarity, but also the 
importance of conscious effects and wisdom in using 
powerful strategies and heuristics in stating and 
solving problems[2],[8],[9],[10],[11]. 
 

The hierarchical fuzzy system provides a way to 
deal with the problem of exponential increase in 
fuzzy rules for complex systems. The hierarchical 
fuzzy system consists of a number of low 
dimensional fuzzy systems connected in a 
hierarchical fashion. The hierarchical fuzzy systems 
have the nice property that the total number of rules 
increases only linearly with the number of input 
variables. Hierarchical systems may be characterized 
by the requirement of levels of description and the 
requirement of the levels of structure. The 
requirement of the levels of structure captures 
inherent natural of a complex system, and the 
requirement of the levels of description captures our 
understanding of the complex system[3],[7]. A 
hierarchy is formulated and built by levels of 
description of our choice, which is based on our 
understanding through laws of the nature and the 
results of our observations. The relation between the 
structural and descriptive levels is a crucial issue of 
hierarchical analysis [3],[7].  
 
II. MODELING OF INVERTED PENDULUM 
 

The inverted pendulum is mounted on a moving  

 
cart. A servomotor is controlling the translation 
motion of the cart, through a belt/pulley mechanism. 
That is, the cart is coupled with a servo dc-motor 
through pulley and belt mechanism. The motor is 
derived by servo electronics, which also contains 
controller-circuits. The aim is to move the cart along 
the x    direction to a desired point without the 
pendulum falling. The cart is driven by a DC motor 
that is controlled by a controller. The cart’s x position 
and the pendulum angle θ are measured and supplied 
to the control system. A disturbance force, F, can be 
applied on top of the pendulum. 

 
Figure 1 Free body diagrams of the system 

 
By Newton’s equation, summing the forces in the 

Free Body Diagram of the cart in the horizontal 
direction, we get the following equation of motion: 

 
Mx ̈ +  bẋ +  N = F                               (1)     

 
where, N and P are the interaction forces between 

the cart and the pendulum. The force exerted in the 
horizontal direction due to the moment on the 
pendulum is determined as follows:     

            τ  =  r   X   F  = Iθ̈             (2) 
            F =  θ̈  =  θ̈  =  mlθ̈            (3) 
Component of this force along the direction of N is      

mlθ̈ cos θ. 
 
The component of the centripetal force acting 

along the horizontal axis is as follows: 
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             F = θ̇  = θ̇   = mlθ̇         (4) 
Component of this force in the direction of N is 

mlθ̇ sin θ. 
Summing the forces in the free body diagram of 

the pendulum in the horizontal direction, we can get 
an equation for N: 
 N = mẍ - mlθ̈ cosθ + mlθ̇ sin θ                  (5)                                   

If you substitute “(5)” into “(1)”, we get the 
equation of motion for this system: 
 (M + m)ẍ + bẋ - mlθ̈ cosθ + mlθ̇ sin θ = F         (6)                                                 

 
To get the second equation of motion, sum the 

forces perpendicular to the pendulum, we get the 
following equation: 
Psin θ + Ncos θ – mg sin θ = mlθ̈ + mẍ cosθ           
(7)  

                                                          
To get rid of the P and N terms in “(7)” above, 

summing the moments around the centroid of the 
pendulum to get the following equation: 
Plsinθ+Nlcosθ=Iθ̈                                             (8)                                                                                                

Combining these last two equations, you get the 
second dynamic equation: 

(I+ml )θ̈ - mglsin θ = mlẍ cosθ                           (9)                                                                                                                             
 
Hence the set of equations completely defining the 

dynamics of the inverted pendulum are: 
         (M + m)ẍ + bẋ - mlθ̈ cos θ + mlθ̇ sinθ = F            

(10)                                                             
         (I + ml )θ̈ - mglsinθ = mlẍ cosθ                             

(11)      
The values of system model parameters for the 
project are taken as: 
Mass of the cart M = 1.096 Kg 
Mass of the rod m = 0.109 Kg    
Friction Coefficient of the cart b = 0.1 N/m/sec 
Distance from rod rotation axis center to rod mass 
center l = 0.25m 
Rod inertia I = 0.0034 kg*m2 

 
III. CONTROL STRATEGY 

 
A. Design of PID and Fuzzy controllers 
 A PID controller has been designed with the 

following parameters of KP, KI and KD.[4] 
KP = 100,          KI = 1  and      KD = 20. 
 
Similarly a Fuzzy Logic Controller (FLC), used to 

control the inverted pendulum, has been designed 
with 2 inputs – error and rate of error, and 1 output – 
F. The Type-1 FLC uses conventional triangular 
membership functions. All universe of discourse are 
divided into three overlapping fuzzy set values 
labeled N (Negative), Z (Zero) and P (Positive). The 
range of universe of discourse for error is [-0.2 0.2], 
rate of error is [-0.5 0.5] and force is [-15 15]. The 
MFs of error and rule base are given below. Scaling 
factors for the FLC are varied in accordance with the 

magnitude of error. To achieve control even for large 
errors, scaling factors for this FLC are taken as  

e 0.01 

∆e  0.01 

F 1000 

 

 
Figure 2. Membership Functions for error 

 

 
Figure 3 Rule Base for FLC 

 
A Type-2 Fuzzy Logic Controller (IT2FLC), also 

used to control the inverted pendulum, has been 
designed with 2 inputs – error and rate of error, and 1 
output – F. The Type-2 FLC uses gaussian 
membership functions for input and triangular 
membership function for output. All universe of 
discourse are divided into three overlapping fuzzy set 
values labeled N (Negative), Z (Zero) and P 
(Positive). The range of universe of discourse for 
error is [-0.2 0.2], rate of error is [-0.5 0.5] and force 
is [-15 15]. The MFs of error and rate of error are 
given below. The rule base and scaling factors for 
IT2FLC are similar to that of Type-1 FLC. 

 

 
Figure 4 Membership function for ‘e’ in IT2FLC 
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B.  Design of Supervisor Fuzzy Controller (SFC) 
to allow switching between Fuzzy   controllers 
and PID controller for different errors[5] 

In order to achieve good performance of both 
rapidity and accuracy of the process, and eliminate 
the disturbances at the fuzzy PID switching time, a 
hierarchical fuzzy PID controller based on granular 
computing is designed.  

.  
Figure 5 Structure of hierarchical fuzzy PID controller 

 
Supervisor is designed using the method of fuzzy 

control. It controls the proportion of the output of the 
PID controller and the proportion of the output of the 
fuzzy controller in accordance with the angle error. 
We adopt the weighted average method to calculate 
the total output of the hierarchical fuzzy-PID 
controller.  

The mathematical expression can be obtained as 
follows: 

     u=wp*uPID+wtype1*utype1fuzzy+wtype2*utype2fuzzy      
(12)  

The SFC determines the weighting factors by 
considering the error in the system, e. It is designed 
with 5 membership functions. The output, wp has 
universe of discourse              [-9e-03,9e-03] and is 
dependent on the input according to the rules  

 
  If (e is NB) then  (wp is S)(wtype1 is M)(wtype2 

is B) (1)  
  If (e is NS) then  (wp is S)(wtype1 is B)(wtype2 

is M) (1)  
 If (e is Z)     then   (wp is B)(wtype1 is S)(wtype2 

is S) (1)  
 If (e is PS)   then  (wp is S)(wtype1 is B)(wtype2 

is M) (1)  
 If (e is PB)  then  (wp is S)(wtype1 is M)(wtype2 

is B) (1)  
 

 
Figure 6 Structure of Supervisor Fuzzy Controller for 

PID_type1_type2 

 
Figure 7 Structure of Supervisor Fuzzy Controller for   

PID_type1 & type1_type2 
 
C. Implementing hierarchical Fuzzy – PID control 

with  SFC 
To test the performance and effectiveness of the 

proposed hierarchical fuzzy PID algorithm based on 
granular computing, various models have been 
designed.  

1) PID – Type-1 FLC based granular model 
2) Type-1 FLC – Type-2 FLC based 

granular model 
3) PID – Type-1 FLC – Type-2 FLC based 

granular model 
 
1) PID – Type-1 FLC based granular model 
 

 
Figure 8 Controller for PID-Type-1 FLC 
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2) Type-1 FLC – Type-2 FLC based granular 
model 

 
Figure 9 Controller for Type-1-Type-2 FLC 

 
3) PID – Type-1 FLC – Type-2 FLC based 
granular model 

 The PID controller and the two FLCs 
designed are used simultaneously with SFC switching 
the controller between them. If the error is large then 
IT2FLC will come into action. As error decreases and 
comes in the range of [-6e-03, -3e-03] or [3e-03, 6e-
03] type-1 FLC controller action becomes prominent 
and dominates the other 2 controllers. As the error 
almost reaches zero, PID action is used to dampen the 
oscillations. The weights wp , wtype1, wtype2  are 
determined by “flcswitch”. 

 
Figure 10 Controller for PID-Type-1-Type-2 FLC 

IV. RESULTS 
 

D. PID – Type-1 FLC based granular model 

 
Figure 11  θ for PID_Type-1 FLC 

 
E. Type-1 FLC – Type-2 FLC based granular 
model 

 
Figure 12   θ for Type-1_Type-2 FLC 

 
F. PID – Type-1 FLC – Type-2 FLC based 

granular model 

 
Figure 13 θ for PID_Type-1_Type-2 FLC 
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CONCLUSION 
 

By using hierarchical Fuzzy – PID controller, with 
Fuzzy Supervision Controller, we can achieve good 
performances of both stable state and transient state. 
It can also realize the transition without disturbance 
between fuzzy control and PID control. The 
overshoot decreases from PID_Type1 to Type1-
_Type2 to PID_Type1_Type2. So as the granular 
levels are increased and better controllers are used, 
more efficient results are obtained. 
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