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Abstract—The authors proposed a mixed technique for reducing the order of the high order dynamic systems. In this 
technique, the denominator polynomial of the reduced order model is determined by using the modified Cauer form while 
the coefficients of the numerator are obtained by Factor Division Method. This technique is simple and gives stable reduced 
models for the stable high-order system. The proposed method is described by solving a numerical example taken from the 
literature. 
 
Keywords—Modified Cauer form, Order reduction, Factor Division, Transfer function 
 
 
I. INTRODUCTION 
 
In many practical situations the model of the original 
system is a fairly complex and is of high order. The 
complexity often makes understanding of the 
behavior of the system difficult if not impossible. The 
analysis of most of the high order systems is both 
tedious as well as costly; it poses a great challenge to 
both the system analyst and control engineer. The 
design and optimization of such systems becomes 
relatively easy if a low order linear equation can be 
derived which provides an acceptable approximation 
to the system.  There are several order reduction 
methods for linear dynamic systems in the frequency 
domain are available the literature. The arbitrarily 
many rational functions approximations to a function 
can be derived using continued fractions without 
much calculation. Chen & Shieh used this approach 
for the reduction of a high order system  by 
expanding the given transfer function into a Cauer 
continued fraction about s=0 & truncating it to 
evaluate a lower order model. Shieh and Godman 
showed a good approximation for both the transient 
and steady state responses are obtained by using the 
mixture of first and second Cauer forms. But these 
approaches give an unstable model in some cases. To 
overcome this shortcoming, Chuang proposed a 
modification to the CFE which combines expansions 
about s=0 & s= ∞  alternately to obtain a close 
approximation to both initial &steady state responses. 
R. Parthasarthy, S.John present a computerized 
algorithm for determining the CFE and inversion 
operations used in the method of Chuang. The Factor 
division algorithm can be used to determine the 
reduced numerator. The Factor division algorithm has 
been successfully used to find reduced order 
approximants of high order systems. It avoids finding 
time moments and solving the Pade equation, whilst 
the reduced models still retains the initial time 
moments of full systems.  In the proposed method, 
the denominator polynomial of the reduced order  

 
model is obtained by using modified Cauer form 
while the coefficients of the numerator are obtained 
by Factor division method. The proposed method is 
compared with the other well-known order reduction 
techniques available in the literature.  
 
II. STATEMENT OF THE PROBLEM 
 
Assume the transfer function of high order original 
system of the order ‘nth’ and its mth order reduced 
order model respectively are  
퐺 (푠) = , ,  , ⋯……… ,

, , , ………. ,
                (1) 

  
Where;  푐  & 푑  , 1≤i≤n are known scalar constants. 
 
Rm(s) = ( )

( )
= , , ⋯….. ,

, , ⋯ ,
   (2)                 

                                                            
Where;  푐 ,   and 푑 ,  1 ≤j ≤ m are known scalar 
constants. 
 
The aim of order reduction is to realize the mth order 
reduced model as in equation (2) from the original 
system as in equation (1) such that it preserves the 
important properties of the original high order 
system. 

 
III. PROPOSED METHOD 
 
 In this paper proposed reduction procedure consists 
of the following two steps: 
 
Step-1: To obtain of the denominator polynomial 
Dm(s) for the mth order reduced model by using 
modified Cauer form: 
The procedure for getting Dm(s) using modified 
Cauer form is as follows: 
Consider the given higher order system Gn(s)  
Without loss of generality, the coefficient of highest 
power of sn in equations (1) & (2) can always made 
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unity and numerator is one degree lower than the 
denominator. 
Gn(s) can be expanded into a Cauer type continued 
fraction about s=0 and s=∞ alternately as follows 
 
Gn(s) =     ,

, ,
, ,

, ⋯………………… ⋯ ,
, …………………

 

 
Where 
d2,1= d1,2- , ,

,
;              푐 , = 푐 , −

, ,

,
 

. 

. 

. 
푑 , = 푑 , − , ,

,
,      푐 , = 푐 , − , ,

,
 

 
푑 , = 1 
 
By following the above sequence of expansion we get 
the following form 

퐺 (푠)
1

ℎ + 푠
퐻 + 1

ℎ + 푠
퐻 + 1

… .

                               (3) 

Where the quotients h1, h2,………….H2,H1…….. are 
calculated  from the following modified array 
 
d1,1  d1,2 d1,n-1 d1,n 1 
c1,1 c1,2 c1,n-1 c1,n 
d2,1 d2,2 d2,n-1 1 
c2,1 c2,2 c2,n-1 
d3,1 d3,2 1 

…………………………………….. 

……………………………………. 
cn-1,1 cn-1,2 
dn,1 
cn,1 

1 

h1=
,

,
 ,    h2= ,

,
  ,… … … … .ℎ = ,

,
 

 
 
The denominator and numerator coefficients of 
equation (1) form the first and second rows and 
remaining elements starting with third row onwards 
are evaluated from the recursive relations. 

 
To obtain the reduced model of order m, is obtained 
by truncating equation (3) after the first 2m terms and 
The transfer function of reduced model is obtain by 
inverting the equation (5) and  constructing the 
inversion table as follows 

 
Starting with d11=1, the elements of the 2nd, third and 
subsequent rows are calculated recursively from the 
following 

dj+1,1= hm+1-j.cj,1                       
j=1,2,……………………m 
dj,k= dj-1,k-1+hm+2-j cj-1,k            
k=2,3,……………………j-1 
      and cj,k=cj-1,k+Hm+1-j dj,k                             
j=2,3…………….m 
                       
k=1, 2…………….j-1 
The end elements can be written by inspection 
according as 

 
  
There are (2m+1) rows in complete array. The 
denominator Dm(s) can be written from (2m+1)th row 
of the array  
Dm(s)=sm+dm+1,msm-1+……………+dm+1,2s+dm+1,1 

 
Step-2 
 Determination of the numerator of kth order reduced 
model using Factor Division algorithm 
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After obtaining the reduced denominator, the 
numerator of the reduced model is determined as 
follows 

푁(푠) =
푁(푠)
퐷(푠) × 퐷 ( ) =

푁(푠)
퐷(푠)

퐷 ( )

 

Where Dm(s) is reduced order denominator 
 
 There are two approaches for determining of 
numerator of reduced order model.  
(i) By performing the product of N(s) and Dm(s) as 

the first row of factor division algorithm and 
D(s) as the second row up to sk-1 terms are 
needed in both rows.  

(ii) By expressing N(s)Dm(s)/D(s) as 
N(s)/[D(s)/Dm(s)] and using factor division 
algorithm  twice; the first time to find the term 
up to sk-1 in the expansion of D(s)/Dm(s)(i.e. put 
D(s) in the first row and Dm(s) in the second row, 
using only terms up to sk-1), and second time with 
N(s) in the first row and the expansion 
[D(s)/Dm(s)] in the second row.  

 
Therefore the numerator Nm(s) of the reduced order 
model (Rm(s)) in eq.(2) will be the series expansion of 
푁(푠)
퐷(푠)
퐷 ( )

=
∑ 푐 푠

∑ 푑 푠  

 
About s=0 up to term of order sr-1. 
This is easily obtained by modifing the moment 
generating.which uses the familiar routh recurrence 
formulae to generate the third, fifth, and seventh etc 
rows as, 

∝ =
푐 ,

푑 ,
         

<  
푐 , 푐 , 푐 ,

 푑 , 푑 , 푑 ,
   

. … … … … . . 푐 ,

. … … … … … . 푑 ,
 

   ∝ =
푐 ,

푑 ,
   

<   
푐 , 푐 , 푐 ,

푑 , 푑 , 푑 ,
   

… … … … . 푐 ,
… … … … … 푑 ,

 

   ∝ =
푐 ,

푑 ,
   

<   
푐 , 푐 , 푐 ,

푑 , 푑 , 푑 ,
   

… … … … . 푐 ,
… … … … … 푑 ,

 

  .................................................. 
  ................................................... 
  .................................................. 

   ∝ =
푐 ,

푑 ,
   <   

푐 , 푐 ,
푑 , 푑 ,

    

   ∝ =
푐 ,

푑 ,
   <   

푐 ,
푑 ,

    

Where  
푐 , =푐 , -α0*푑 ,    i=0,1,2,........................... 
푐 , =푐 , -α0*푑 ,    i=0,1,2....................... 
............................... 
...................................... 
푐 , =cm-1,2-αm-2*dm+1,2 
Therefore, the numerator Nm(s) of eq.(2) is given by 
Nm(s)=∑ ∝ 푠  
 
 

IV. METHOD FOR COMPARISON 
 
In order to check the accuracy of the proposed 
method the relative integral square error ISE index in 
between the transient parts of the reduced models and 
the original system is calculated using 
Matlab/Simulink. The relative integral square error 
RISE is defined as 
 
ISE=∫ [푦(푡)− 푦 (푡)]∞  푑푡 
 
V. NUMERICAL EXAMPLES 
 
The proposed method explains by considering 
numerical example, taken from the literature. The 
goodness of the proposed method is measured by 
calculating integral square error (ISE) between the 
transient parts of the original and reduced model 
using MATLAB. The ISE should be minimum for 
better approximation i.e close the Rm(s) to Gn(s) , 
which is given by 
 
ISE=∫ |푦(푡) − 푦 (푡)|∞ dt 
 
Where, y(t) and ym(t) are the unit step responses of 
original and reduced system respectively. 
Example-: Consider a 4th-order system from the 
literature. 
G4(s) = 

 

  
 
The numerator of reduced order model Rm(s) can be 
evaluate using equations 4, 5, & 6 for m=2.Make 
modified Routh array & evaluate the quotients h1, h2, 
h3 and H1, H2, H3 
Modified Routh Array 

 
 ℎ = = 1  ,    퐻 = = 1 

 ℎ = = 13,    퐻 = = −2 

ℎ = = 0.48,    퐻 = = −38 

ℎ = .
.

= −0.43,    퐻 = . = −2.88 
 
With the knowledge of the first four quotients (m=2), 
h1=1, H1=1, h2=13, H2=-2 and with the help of 
equation (6) construct the inversion table as follows 
Inversion Table 
 
  1 
 -2 
 26 1 
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 24 1 
 24 27 1 
Hence the denominator D2(s) of reduced order model 
R2(s) is obtained as 
 
D2(s) =s2+27s+24 
 
using the eqns (8) to (10), the following coefficients 
of numerator N2(s) of reduced order model  are 
calculated 
Consider D4(s)/D2(s) gives 

 
Thus Reduced Numerator is given as 
N2(s) = 24+s 
Thus the Reduced model is given as 
R2(s) =   

 
Figure1. Step Response Comparison between original system 

and reduced system 

 
Figure 2. Bode Plots of original system and reduced system 

 
TABLE- I 

COMPARISON OF THE REDUCTION 
METHODS 

 
 
 
 

CONCLUSIONS 
 
The authors proposed an order reduction method for 
the linear single-input-single-output high order 
systems. The determination of denominator 
polynomial of the reduced model is done by using the 
modified Cauer form while the numerator coefficients 
are computed by Pade approximation. The merits of 
proposed method are stable, simplicity, efficient and 
computer oriented. The proposed algorithm has been 
explained with an example taken from the literature. 
The step responses and Bode plots of the original and 
reduced system of second order are shown in the 
Figure-1 and Figure-2 respectively.  A comparison of 
proposed method with the other well known order 
reduction methods in the literature is shown in the 
Table-I from which we can conclude that proposed 
method is comparable in quality.    
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