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Abstract— In this paper, we presented the design method for the unbiased finite memory digital phase-locked loop 
(UFMDPLL). We analyzed the characteristic of relation between horizon size and noise covariances of the UFMDPLL by 
introducing the horizon equation. The horizon equation, which is a function of horizon size N and noise covariances, is derived 
from error variance and ensuring unbiasedness property. Through simulations, we present the effects of among the noise 
covariances on the optimal horizon size of UFMDPLL. 
 
Index Terms— Digital phase-locked loop(DPLL), zero-crossing DPLL, finite, unbiased finite memory filter, unbiasedness 
property 
 
I. INTRODUCTION 
 
The phased-locked loops (PLLs) are the fundamental 
circuits that synchronize phase information, and used 
in various fields such as control, communication, and 
signal processing. PLLs have been used in various 
fields, such as clock synchronization in computer 
systems and demodulation in communications 
systems [5], [7], [9], [11], [12], [17]. Frequency 
synchronization is achieved by keeping the input and 
output phases the same, which is performed by the 
variable frequency oscillator by adjusting the output 
frequency. 
A Kalman filter (KF) is used in the digital PLL 
(DPLL) for phase detection [6], [8], [10]. The KF is 
one of the well-known estimators that estimates 
unknown parameters from noisy measurements. 
DPLL based on the KF has shown superior 
performance that conventional DPLL. However, 
KF-based DPLL is vulnerable to computational errors 
such as round-off error and quantization error, because 
KF has an infinite impulse response (IIR) structure 
that uses all past measurements and accumulates 
computational errors over time [3, 22]. Unbiased finite 
memory DPLL (UFMDPLL) was proposed in [22] to 
overcome the drawbacks of KF-based DPLL. 
UFMDPLL is based on the finite impulse response 
(FIR) filter [1], [4], [15], [16], [18]–[21], [23] using 
only recent finite measurements, and it showed 
superior robustness against computational errors than 
KF-based DPLL. 
The FIR filter has an important design parameter 
called the horizon size, which is the number of 
measurements used for estimation. Because the 
horizon size has a significant effect on the filtering 
performance, selecting an appropriate horizon is a 
critical problem in FIR filtering [13], [14], [16]. 
Various approaches to finding an optimal horizon size 
for general FIR filters has been proposed based on the 
minimum mean square value [18], bank of FIR filters 
[16], and Monte Carlo simulation [19]-[21], but an 
analytic method to calculate optimal horizon size has 

not yet been found. A method to find optimal horizon 
size for a moving average DPLL was proposed in [2]. 
However, the method is only applicable to scalar 
DPLL systems that consider a single unknown 
parameter, the timing offset. No method of finding   
for a complete DPLL system has yet been proposed to 
the best of the authors knowledge. 
We propose a novel method to find   for a complete 
DPLL system in this letter in which two unknown 
parameters, the timing offset and the zero-crossing 
point, are considered. First, we show that the FIR filter 
gain of the UFRDPLL can be represented by a 
function of horizon N. Then, we derive the estimation 
error variance equation as a function of N. Lastly, we 
propose a method to find optimal horizon size based 
on the partial derivatives of the estimation error 
variance equation. Simulation results demonstrate that 
the proposed method is effective and more efficient 
than conventional Monte Carlo simulation. 

 
II. MAIN RESULT 
 
In this section, we consider the following state space 
model of zero-crossing DPLL in [6]: 

1 = ,k k kA x x w                    (1) 

= ,k k ky C vx                        (2) 
where  

 1 1
= ,  = 1 0 .

0 1
A C 

 
 

 

The first term of state is zero-crossing point and 
second term of state is timing offset and represented as 

 Tk k k x . The noises are zero mean white 
Gaussian noises and the covariances can be 

represented as 
2 2 2
1 2[ , ],  .diag q q R r Q    

The UFMDPLL [6] is represented as 
1ˆ = ,k kx HY                                 (3) 

Where H and Y are gain and augmented measurement 
matirces and defined as 
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Now, combining the (1) and (3), (3) can be represented 
as 
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Using the unbiasedness property, the UFMDPLL 
can be written as  

1 1ˆ = ( ).k k N k kG   x x H W V              (4) 
We define the estimation error as 

ˆ=k k ke x x . 
Then, we obtain the following equation from (4) 

ˆ=k k ke x x  
1 1= ( ),N k kG  H W V            (13) 

 The optimal gain matrix is obtained by minimizing 
the variance of the estimation error as  

o = [ ]min T
pt k karg E

H
H e e

 
= [ ( )],min T

k karg E tr
H

e e
                      (5) 

Using (5), the horizon equation can be obtained as 
follows: 

 
2 2 2
1 21 2

= ,horizon q q rf q f q f r f 
               (5) 

Where 

 
 
The optimal gain can be obtained by minimizing (5), 

thus we introduce derivative equation, which is partial 
derivative (5) with respect to horizon size N as 
follows: 

2 2 21 2
1 2= ,q qhorizon r

f ff fq q r
N N N N

  
 

               (6) 
The optimal horizon size is equal to point that 
derivative horizon equation is zero. 
Finally, we have to check the optimal horizon size is 
global minimum point. Thus, we have to show that the 
convexity of horizon equation for all 2N  . 
Introducing partial derivative of derivative horizon 
equation with respect to horizon size N. 

2 22 2
2 2 21 2
1 22 2 2 2= 0q qhorizon r

f ff fq q r
N N N N

  
  

   
.        (7) 

(5) is always convex for all 2N   because (7) is 
always positive. Thus the zero point of (6) is global 
minimum point of (5) for all 2N  . 
 
III. NUMERICAL EXAMPLE 
 
In this section, we present the design optimal horizon 
size 

optN  using derivative horizon equation. For 
simulations, let 

1 2 0.1q q r   . 
The solution of derivative horizon equation is unique 
and which ensures global minimum of horizon 
equation for 2N  . Thus we conducted the simulation 
by changing horizon N from 2 to 10. 

 
Figure 1. The derivative horizon equation for various 

horizon sizes 
 

Figure 1 shows derivative horizon equation by varying 
horizon size N. The optimal horizon size is obtained as 
four by rounding off to the nearest integer. If the 
proportion among the noise covariances is same, then 
the optimal horizon size is always four. To show 
relation between measurement noise covariance r and 
horizon size N, we changed noise covariances as 
follows: 

1 2 0.1, 0.5q q r    
We conducted the simulation by changing horizon N 
from 2 to 10. 

 
Figure2-The derivative horizon equation for various horizon 

sizes 
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The different shape of curve of derivative horizon 
equation with varying horizon size N is given in 
Figure 2. The optimal horizon size increases when the 
measurement noise increases, which means that the 
large horizon size is needed when noise is large.  

Now, we show the simulation time between Monte 
Carlo simulation and proposed method to compare 
simulation time for finding optimal gain. 

 
Table 1: Computation time of the proposed method and the 

Monte Carlo simulation 
Proposed method Monte Carlo simulation 

434ms  2098s  
 

Table 1 shows the times required for the proposed 
method and the Monte Carlo simulation. The time for 
the proposed method is much smaller then Monte 
Carlo simulation 
 
CONCLUSION 
 
In this letter, we have proposed a novel method for 
finding optimal horizon size for UFMDPLL. The 
estimation error variance of the UFMDPLL was 
represented by a function of N. We have proved that 
the function of N is convex and derived from the 
equation for obtaining optimal horizon size via the 
partial derivative with respect to N. In the numerical 
example, the proposed method provided optimal 
horizon size with a remarkably short computation time 
compared to conventional Monte Carlo simulation. 
Using the proposed method, the optimal horizon size 
of UFMDPLL can be obtained correctly and 
efficiently. The final version, which is long paper, will 
be submitted to IEICE. 
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