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Abstract- In redundant manipulators, there are infinite numbers of joint space velocities that lead to a specific task space 
velocity. Thus, the main problem is calculating a local maximum for null space joint velocity regarding to physical 
constraints of a robotic manipulator. The manipulability measure, the distance from mechanical joint limits and the distance 
from the obstacles are three different cost functions which are evaluated in this paper to find a local maximum for null space 
joint velocity. It is represented that by using these functions, the redundancy may be exploited to overcome singularities. 
Furthermore, redundancy can be used to keep the joints of the 5-bar linkage in an acceptable range and can be used to avoid 
collisions with constant obstacles. Computer simulation results given for a 5-bar linkage manipulator, demonstrate the 
efficacy of the proposed null space joint velocities. Also it is extracted that accurate trajectory tracking can be achieved by 
using the well-known controllers. 
 
Keywords- 5-bar linkage; Redundancy; Null Space Joint Velocity; Robotics Manipulator;Denavit-Hartenberg parameters; 
 
I. INTRODUCTION 
 
The field of robotics encloses electronics, computer, 
network communication and mechanics technology. 
Robotic manipulators are widely used in industry, 
medicine, public services and space explorations. The 
tracking control of robotic manipulators has been 
extensively studied in recent years. Most of the 
industrial robots have four, five or six pivots. A full 
six-pivot robot is required to guide the end-effector of 
a robot to any desired position in the work space. 
In this paper 5-bar linkagemanipulator has been used. 
5-bar linkage has lots of industrial applications. It is a 
prevalent manipulator in spray painting and adhesive 
or sealant usages.Many studies have been done in 
regards to these kinds of robots. The comprehensive 
study on the characteristics of bar linkage curve of 
symmetrical 5 bar has been done in[1]. This paper 
provides the analytical basis for the classification and 
regulation of these linkages.  In [2], a 5-bar linkage 
robot with flexible top link is examined and its 
dynamic model is derived. A typical rigid-body 
controller is used to control the joints. A spherical 5-
barlinkage mechanism is used in [3] to design a novel 
gripper using spatial adaptive fingers. This modified 
gripper can perform motions in a plane and in space. 
In[4],5-bar linkage is considered as a case study to 
design a MIMO controller using discrete Tabu search 
(TS) algorithm. In[5] a simple PID controller has been 
applied on this manipulator. The modified cost 
function formulation is defined and Shuffled Complex 
Evaluation method is used to tune PID parameters.In 
[6], a dynamic model of a 5-bar manipulator with 
flexible joint is derived to establish the model 
following adaptive controller. The control goal is 
following a desired model reference. 
Also, five bar structure is used in a haptic mechanism 
to improve its transparency[7]. A low-force five 

degree of freedom (DOF) haptic device is optimized 
along a typical path with proper tolerances. For 
another example, this mechanism is used in the multi-
DOF haptic device with passive actuators[8]. 
In[9]a thorough study has been done on the 
implementation of some non-linear kalman filters for 
a 5-bar linkage and compare their accuracy and 
computational cost. In [10], two functions which 
describe a closed curve are implemented to the 
synthesis of 1-DOF planer geared five-bar mechanism 
as a path generator. The mutual distribution of the 
curve points is proposed as one of these functions. A 
systematic approach is presented in [11] to study the 
effects of the 5-bar loop and gear constraint in the 
mobility of a 5-bar linkage. 
Kinematic redundancy occurs when the DOFs of 
robotic manipulator are more than the minimum 
number required to execute a given task. The 
capability of performing multiple tasks is one of the 
most appealing features of kinematically redundant 
robots.[12, 13]. A comprehensive tutorial for 
kinematic control of redundant robot manipulators has 
been proposed in [14]. In[15] the motion control of 
redundant manipulators in the presence of hard 
bounds is considered. The effects of the joint 
acceleration saturation in a multi-task case are handled 
by the proposed method.One of the key points is to 
formulate the redundancy to address singularity 
avoidance while keeping joints in an acceptable range. 
The avoidance of obstacle collision is another 
advantage of redundant robots. In order to formulate 
these tasks, three different null space joint velocities 
are evaluated in this paper. 
The rest of this paper is organized as follows. In 
section II, the differential kinematic and dynamics of 
the 5-bar linkageareanalyzed. The forward kinematic 
of robot has been studied in this section. In section III, 
three different cost functions are proposed and 
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evaluated for the null space joint velocity vector. The 
simulation results are shown in Section IV. Finally, 
the paper ends with summary and conclusion. 
 
II. DIFFERENTIAL KINEMATIC AND 
DYNAMICS OF 5-BARLINKAGE 
 
 Fig. 1 shows the practical 5-bar linkage manipulator, 
made in Robotics Research Lab at University of 
Tabriz. 
 

 
Figure 1. Practical 5-bar linkage manipulator 

 
The 5-bar linkage schematic is depicted in fig. 2. 
Links of manipulator form a parallelogram in this 
structure. 
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Figure 2. The schematic of 5-bar linkage manipulator 

 
It is noticeable that one of the DC motors creates an 
angle 0 which causes a rotation around axis E. The 
other motor produces 1 and rotation around axis D. 
The last motor has a parallel axis with the second one 
and yields 2 . Using parallel rods this angle is 
transmitted to C. Thus, the mentioned schematic can 
be simplified as fig 3. 
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Figure 3. Simplified schematic of 5-bar linkage 

The kinematic of 5-bar linkage is obtained by taking 
into account the physical specification. For this 
purpose Denavit-Hartenberg (DH) convention is 
used[16]. DH parametersare shown in Table I. 

 
TABLE I.   DH PARAMETERS 

 
 
The geometric Jacobian of the 5-bar linkage can be 
expressed as: 

1 1 2 12 3 123 2 12 3 123 3 123

1 1 2 12 3 123 2 12 3 123 3 123

          
( )

                 
a s a s a s a s a s a s

J q
a c a c a c a c a c a c
      

     
(1) 
In which , 1,2,3ia i  is the length of the ith link. 

( ), ( )s ijk c ijk stand for sin( )i j k   and 
cos( )i j k  respectively. 
Equation. 2 shows the general dynamic model of the 
5-bar linkage robot: 

( ) ( , ) ( )M q q C q q q g q u      (2)  
where ( ) n nM q R  is the inertia matrix, 

( , ) nC q q q R  is the centripetal and Coriolis matrix, 
( ) ng q R  is the gravitational force and u is the 

exerted joint input. nq R is the joint angle vector. 
Even if the equations of motion of the robot are 
complex and highly nonlinear, there are still some 
basic properties in (2) that are convenient for 
controller design. 
The generalized end-effector’s position nx R can be 
expressed as ( )x h q where (.) n nh R R   is 
generally a nonlinear mapping between joint space 
and task space. The details of 5-bar linkage dynamics 
are considered in [5] and not directly related to our 
main topic. 
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III. EVALUATION OF THREE DIFFERNRT 
COST FUNCTIONS FOR NULL SPACE JOINT 
VELOCITY VECTOR  
 
The differential kinematics equation, in terms of either 
the analytical or the geometric Jacobian leads to a 
linear mapping between task space and joint space 
velocities[17], i.e., 

( )J q q    (3) 
Where   is the task space velocity. Assume that 
( ( ), ( ))x t t  is a given task space trajectory. For 
producing the desired trajectory, the feasible joint 
trajectory ( ( ), ( ))q t q t should be found. For a 
kinematically 5-bar linkage, a nonempty null space 

( )N J exists. Also, the general inverse solution can be 
obtained as: 

† †( ) ( ( ) ( ))n nq J q I J q J q b         (4) 
Where † 1( ) : ( ( ) ( ))T TJ q J J q J q   is the right pseudo 
inverse and nb R is the null space joint velocity 
vector. †( ( ) ( ))n nI J q J q  is called the projection 
matrix. One usual choice for the null space joint 
velocity vector is: 

( )( )Tqb
q








 (5) 

In which 0  is the length of step, : Q R   is a 

scalar cost function to be maximized and ( )( )Tq
q




is 

the gradient vector of . Thus (4) can be rewritten as: 
† † ( )( ) ( ( ) ( ))( )T

n n
qq J q I J q J q

q


  


  


 (6) 

It is obvious that in redundant manipulators, there are 
infinite numbers of joint space velocities that lead to 
a specific task space velocity. Thus, the main problem 
is calculating a local maximum for ( )q regarding to 
constraint of Jq  . 
Three different cost functions are proposed and 
evaluated for the 5-bar linkage robot as follows: 
1- The manipulability measure: this index is defined 
as 

( ) : det( ( ) ( ))Tq J q J q   (7) 
In this method, the redundancy may be exploited to 
overcome singularities. 
2- The distance from mechanical joint limits: this 
index is defined as 

2

1 ,max ,min

1( ) : ( )
2

n
i i

i i i

q q
q

n q q





 

     (8) 

In which ,maxiq and ,miniq  represent the maximum and 
minimum limits for iq , respectively, and iq  is the 

middle of the joint range, i.e., ,max ,min
1 ( )
2i i iq q q  . 

Thus redundancy may be exploited to keep the joints 
of the 5 bar in an acceptable range. 

3- The distance from the obstacle: this index can be 
obtained as 

2

2
( ) : min ( )q p q o    (9) 

Where o is used for the position vector of the obstacle 
and ( )p q represents the position vector of the closest 
manipulator point to the obstacle. With this selection, 
the redundancy can be used to avoid collisions with 
constant obstacles. 
Assuming 0(0)q q as the initial condition and 
integrating differential equation (4) over an arbitrary 
interval, joint positions are obtained. As 
 

†
0

0

†

0

( ) { ( ( )) ( )

( ( ))( ( ( )) ( ( )))( ) }

t

t
T

n n

q t q J q s s

q sI J q s J q s ds
q



 

  









(10)   

 
IV. SIMULATION RESULTS 
 
In this part the simulation results of declared methods 
have been presented. The control goal is tracking 
desired trajectory in joint space and calculating a local 
maximum for ( )q regarding to constraint of Jq  . 
The measured mass, length and center of gravity of 
links are presented in TableII. 
 

TABLE II. PHISICAL PARAMETERS OF 5-BAR LINKAGE 

 
 
In this part, using the symbolic Toolbox of MATLAB, 

a closed-form expression of ( )q and ( )q
q



is 

derived for three proposed cost functions. ( )q t is 
calculated from (10). The time interval of simulation 
is set to 1 sec. The step length in null space joint 
velocity formula assumed to be 0.01. Initial and final 
velocity of the end-effector are  0,0 and [1,1]  
respectively. Both of the initial and final acceleration 
of the end-effector considered to be zero. The initial 
configuration of the redundant linkage is  1,1,1 . The 
absolute toleranceand relative tolerance of the ODE 
solver are set to 1e-6. The refine factor of the ODE 
solver is 4. For the distance from mechanical joint 

limits, ,max ,min,i iq q are set to be 
2
 and 0 respectively. 

The time evaluation of ( ), 1,2,3iq rad i  and  for all 
proposed methods are depicted in figures 4-9. 
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Figure 4. Time evaluation of ( ), 1, 2,3iq rad i  for the first 

scenario(the manipulability measure) 
 

 
Figure 5. Time evaluation of  (q) for the first scenario(the 

manipulability measure) 
 

 
Figure 6. Time evaluation of ( ), 1, 2,3iq rad i  for the second 

scenario(distance from mechanical joint limits) 

 
Figure 7. Time evaluation of  (q) for the second 

scenario(distance from mechanical joint limits) 
 

 
Figure 8. Time evaluation of ( ), 1, 2,3iq rad i  for the third 

scenario(The distance from the obstacle) 
 

 
Figure 9. Time evaluation of  (q) for the third scenario(The 

distance from the obstacle) 
 

XPC target has been used due to its real-time and 
remote control features. In order to control the robot 
remotely with XPC target two computers are needed; 
a host and a target. These two computers are 
connected either through serial port or TCP/IP 
protocol. 
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CONCLUSIONS 
 
In this paper, three different methods have been 
proposed to define null space joint velocity and find a 
local maximum forit, regarding to physical constraints 
of the manipulator. These techniques are implemented 
on the redundant 5-bar linkage robot.Simulation 
results confirm that these schemes provide an 
effective means of obtaining high performance 
trajectory tracking with escaping from singularities. 
Also, with this selection, the redundancy can be used 
to avoid collisions with constant obstacles and may be 
exploited to keep the joints of the 5- bar in an 
acceptable range. 
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